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In 1946 the author worked out an approximate method of 
calculating the deformations of simply supported oblique plates 
carrying a uniformly distributed load. The problem was put 
to me by the late professor of Structural Theory at Chalmers 
University of Technology, SVEN HULTIN. He pointed out valuable 
aspects of the design of oblique plates during many interesting 
discussions. In addition, he made it possible for me to use 
the resources of his laboratory. 
Encouraged by Professor Hultin I have now tried to genera lize 
the method. The results arrived at have been applied to nu­
merical examples. Valuable help in the calculations was given 
by Mr ALF JOHANSSON. Expenses for assistance in this work 
and for performing experiments with model plates were de­
frayed by grants from the Chalmers Research Fund (Chalmerska 
Forskningsfonden). The tests were carried out with skill and 
interest by Mr SVEN KARLSSON. 
Some mathematical problems were discussed with the Pro * 
fessor of Applied Mathematics at Chalmers University of Tech-
nology, HARALD BERGSTRÖM, who gave me appreciated advice and 
suggestions. 
The statistical treatment of the experiments was developed 
with the valuable collaboration of fil. lic. MARTIN SANDELIUS, 
the statistician of the Swedish Institute for Textile Research. 
He has kindly worked out Appendices 581 and 583. Important 
suggestions regarding the experimental part of this paper have 
also been given by my wife, tekn. lic. MARIANNE KÄRRHOLM. 
I am very much indebted to the Professor of Structural 
Theory at Chalmers University of Technology, S. 0. ASPLUND, 
for his kind interest and expert advice. The discussions with 
him have led to greater distinctness of expression. I would 
also like to mention the great interest shown by the Professor 
of Structural Engineering technique at Chalmers University of 
Technology, HJALMAR GRANHOLM. 
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The figures of this paper have been drawn in cooperation 
with Mr INGEMAR DAHL, who has also been of good help in 
performing some numerical calculations. 
I wish to express my deep gratitude to all those who have 
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Notation 
Arn Pai 't of principal coefficient, W rn 
arn Part of Fourier coefficient, irrn 
B Constant of integration, general symbol for coefficient 
b Width of a plate measured perpendicularly to free edges 
C Constant of integration, general symbol for coefficient 
cmn Factor in expression for correction of principal coeffi­
cient 
D Flexural rigidity of a plate 
dmn Factor in expression for correction of principal coef­
ficient 
d Index indicating results obtained by division into strips, 
diameter 
E Modulus of elasticity 
emn Factor in expression for correction o f principal coeffici ent 
e Base of natural logarithms, index indicating exact value 
F Concentrated load 
fmn Factor in expression for corrections of principal coef­
ficient 
f Frequency 
Gr Modulus of shear 
gmn Factor in expression for increment to principal coefficie nt 
g Gravitational acceleration 
hmn Factor in expression for increment to principal coef­
ficient 
h Thickness of a plate 
I Moment of inertia of a cross section wi th respect to x-
or y-axis 
Ip Polar moment of inertia 
j Index indicating a particular support in order 
K Boundary curvature 
7c Index indicating a particular support in order 
L Confidence limit 
I Length of a strip, length of a rod 
8 
/x, 1-2 Distance fiom load to supports 
Mrj  Boundary bending moment per unit length of section 
through the support j at strip r 
M x ,  My Bending moments per unit length of sections of a plate 
perpendicular to x- and y-axes respectively 
Mx y  Twisting moment per unit length of section of a plate 
perpendicular to #-axis 
m, n Indices indicating order 
N Maximum number in an order series 
Ns, Na Determinants 
P Point 
p Variable 
Q Line load, reaction per unit length 
q Intensity of load 
r Index indicating a particular strip in order 
Srn Part of principal coefficient, W rn 
srn Part of Fourier coefficient, wrn 
Tx,Ty Shearing forces parallel to ^-axis per unit length of 
sections of a plate perpendicular to x- a nd y-axes re­
spectively 
t Width of a strip 
t0 Width of loaded area perpendicular to y-axis 
Wr Principal deflection of strip r 
Wrn Principal coefficient 
ivrn Fourier coefficient of strip deflection wr  
ivr Deflection of strip r 
w Deflection of a point on a plate 
xr Distance of arbitrary point on strip r from one support 
of the strip 
x, y, z Rectangular coordinates 
z Function of x and y 
<x,ß,y Factors included in coefficients srn and arn 
y Mass p er unit volume 
ô Displacement 
Ex Unit elongation in x direction 
£ Factor in expression for maximum deflection of plate 
of infinite width 
i] Rectangular coordinate 
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(r) Angle between a supported edge and normal to free 
edge of an oblique plate 
d Angle 
Factor in expression for maximum curvature of a plate 
of infinite width 
kpfn Factor in expression for increment to principal coef­
ficient 
Xm  Factor in functional expression of w 
jul/jr  Distance in the ^-direction between the supports of two 
adjacent strips 
v Poisson's ratio 
i Rectangular coordinate 
xlJrj Slopes of strip r to the right and left, respectively, of 
the jth support 
(f, i p Slopes due to a unit boundary moment 
X Angular deviation at a support 
X Angular deviation due to a unit boundary moment 
In the enumeration of sections i n this paper the first figure 
is the number of the part of the paper to which the section 
belongs. A second digit indicates order within the part. A 
third digit is used for subsections. Equations are assigned 
numbers containing the number of the section where the equa­
tion first occurs and the number of order within the section. 
Thus (211. 1), for example, means the first equation of section 
211. If in some section reference is made to an equation 
within the same section the number of the section is omitted. 
Figures and tables are numbered in the same way, but they 
are not bracketed. 
References are made by quoting the author. A number indi­
cating the year of printing is added if references a re made to 
several papers by the same author. Such papers printed the 
same year are given a second number indicating the order in 
the list of references. 

1. Introduction 
Strip methods may be used for analysing parallelogram slabs 
with arbitrary edge conditions. The investigations in this paper 
are confined to slabs on two parallel edges. The difficulties 
involved in the calculation of such slabs vary widely with the 
kind of loading and the mode of support. In the case of a 
rectangular slab simply supported and with a uniformly distrib­
uted load the design is simple. On the other hand the treatment 
of oblique slabs subjected to concentrated loads forms one of the 
most difficult problems in the theory of plates. 
The deformations and stresses of plates carrying live loads 
are determined according to the theory of elasticity. Small deflec­
tions of thin elastic plates satisfy a partial differential equation 
of the fourth order, eq. (211.6) in section 211, (see TI MOSHENKO 
40, GIRKMANN). Its solution for a particular plate depends on the 
dimensions of the plate and the loads applied. In addition, the 
boundary conditions affect the result. 
The boundary conditions for plates treated in this paper are 
of a relatively complicated form. This in general leads to involved 
expressions for the deflections. However, if no bending moments 
appear along the supports of a rectangular plate, results are 
obtained without much difficulty by methods given by Lévy (see, 
e.g. NADAI). T he deflections then emerge as rapidly convergent 
series. The moments caused by concentrated loads appear as more 
slowly convergent or divergent series. 
Deflections of plates subjected to different kinds of loading 
may be conveniently determined by combining characteristic 
functions (see ÖDMAN) . Moments in the vicinity of concentrated 
loads are usually difficult to describe solely by series expressions. 
They may be found in the following way: a solution of (211.6) 
corresponding to the action of a concentrated load is obtained 
for a plate of infinite dimensions. This solution is combined with 
functions satisfying the homogeneous differential equation. The 
functions are chosen in forms suitable for the shape of the plate. 
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The magnitude of the ordinates is determined by the boundary 
conditions. 
The solution of (211.6) for a concentrated load of arbitrary 
position forms the influence function for the deflection. It can 
be us ed for building up deflections and moments under arbitrary 
systems of loading (see PUCHER, OLSEN and REINITZHUBER) . 
SCHULTZ-GRUNOW suggests a somewhat modified solution satis­
fying the boundary conditions at the corners of th e plate exactly. 
Also KOEPCKE has introduced special functions to satisfy the 
boundary conditions at the corners of plates supported along four 
edges. The method might be suitable for the investigation of 
oblique plates with the boundary conditions treated in this paper. 
The known methods for designing oblique plates are laborious. 
They are particularly unsuitable in cases where many kinds of 
loading are to be taken into consideration. Difficulties of design 
have restricted the use of obliqu e slabs. Thus in Sweden concrete 
slabs with acute angles less than 70° as a rule have not been 
permitted in road bridges. 
Some authors have derived deflections and moments for oblique 
plates by combining exact solutions of (211.6) and solutions of 
the corresponding homogeneous differential equation. ANZELIUS 
computes the twisting moments in a plate resting on parallel 
supports and carrying a uniformly distributed load. LARDY 
represents the part of th e deflection which is a solution of (211.6) 
as a double trigonometric series, the coefficients of which are 
determined by the external force. This is also done by KRETTNER, 
who has succeeded i n transforming the double series to a simple 
one. FUCHSSTEINER represents the solution of the homogeneous 
differential equation in a general form as a sum of arbitrary 
harmonic and biharmonic functions. These are the solutions of 
homogeneous difference equations for particular boundary condi­
tions. T he solutions are then multiplied by constants determined 
by making the deviations from unutilized boundary conditions 
a minimum. This method of using minimum conditions has also 
been applied by ÖDMAN, RONGVED and GRAUDENZ. Graudenz 
writes influence functions for moments in oblique plates as the 
sum of the influence function for an infinite plate and a series of 
biharmonic polynomials. HERRMANN attempts to use Ritz's method 
for clamped plates, but the accuracy obtained is poor. Ritz's 
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method also has been applied to the problem of determining the 
resonance frequencies of oblique plates (see BEREUTER). 
Exact solutions of (211.6) for oblique plates imply labori­
ous and time-consuming calculations. Some authors have, there­
fore, determined the deflections of such plates by introducing 
finite differences. The elastic surface is described by a finite 
number of o rdinates. The position of each ordinate is determined 
by points on the middle surface of the plate. These points are 
arranged in some sort of regular network. A re ctangular network 
is s uitable for rectangular plates. For treating oblique plates net­
works built up of parallelograms or hexagons may be convenient. 
Parallelogrammatic networks have been used by FAVRE and 
NIELSEN. The former has applied this difference method to plates 
supported along four edges. The latter has examined the case of 
plates supported at two parallel edges. Tables have been drawn 
up for plates of different dimensions. In each case results are 
given for a uniformly distributed load. Deflections and moments 
are also computed for concentrated forces acting at the centre 
of the plate and at the centre of a free edge. 
The use of hexagonal networks has been developed by MARCUS. 
It makes possible comparatively simple expressions for the bound­
ary conditions along all the edges of oblique plates. VOGT, 39, 
has applied the method to plates resting on parallel supports. 
A co mprehensive investigation of such plates has also been made 
by JENSEN. He uses both oblique hexagonal networks and 
rectangular ones. His paper also contains results obtained for 
slabs with curbs along the unsupported edges. An approximate 
method of cor rection for different magnitudes of the loaded area is 
also stated. Further calculations have been published by JENSEN 
and ALLEN. 
Difference methods yield good approximations for the elastic 
surface of oblique plates if a large number of deflection ordinates 
are used in the calculations. These ordinates are evaluated as 
solutions of systems of linear equations. The solution involves 
considerable work for systems of many unknowns. However, 
difference methods do not easily lend themselves to general 
expressions for deflections and moments. 
Results obtained from series solutions of (211.6) and 
difference methods have been used to e stablish rules for estimât-
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ing moments in oblique plates (see VOGT 40, 55, RÜSCH, OLSEN 
and REINITZHUBER). 
The effect of anisotropv seems to have been treated only for 
rectangular plates (see e. g. TIMOSHENKO 40, OLSEN and REINITZ­
HUBER). The method described in this paper may be extended 
to anisotropic plates in principle without any difficulties. 
Tests performed on oblique plates have been described by 
GOSSARD, SIE SS, NE WMARK and GOODMAN, FAVRE and SCHUMANN. 
Oblique frames have been treated experimentally by VOGT 53, 
PLETTA and FREDERICK. 
Plates treated in this paper transfer the loads to parallel 
supports. The variation of the deflections in the direction perpen­
dicular to the supports is of essential significance for the moments 
Slopes and curvatures perpendicular to the free edges are often of 
secondary importance. The approximate solution described in 2 
is evolved by considering this circumstance. 
The fundamental principles and equations of the method are 
given in 21. Section 21 also contains the relations between deflec­
tions, moments, and shearing forces in thin elastic plates. The 
usual expressions must be modified in order to suit the method. 
A case with especially simple boundary conditions is treated 
in 22. Approximate solutions of the fundamental equations are 
obtained in the form of sine series. A method of improving the 
convergence of the series is discussed. Errors originating from 
the neglect of terms in the series are estimated. The general 
formulas are then applied to rectangular plates. The results 
obtained show the effect of using finite differences. This effect 
is studied together with the influence of the distribution of load 
perpendicular to the free edges in the following section. Diagrams 
given there enable corrections to be made for both effects. 
Simply supported oblique plates are treated in 23, starting from 
the approximate coefficients derived in 22. These are modified 
by increments accounting for the changed boundary conditions. 
The method is applied to the construction of influence functions. 
The application of the method to continuous plates is outlined 
in 24. The design of si mple frames is discussed in 25. 
The method wTas applied to some model plates. These plates 
were also tested with respect to deflections and strains. The 
arrangement of the experiments is described in 3. This section 
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also contains tables and diagrams showing the experimental and 
theoretical results. 
Some derivations of little primary interest are given in appen­
dices. Diagrams and equations needed for practical computations 
are shown in Appendices 52, 54, 55, 56, 57. 

2. Theoretical part. Description of the method 
21. Fundamental principles and equations 
211. Approximate description of the elastic surface 
A thin rectangular plate is supported along two parallel 
edges as shown in Fig. 211. 1. Points on the middle plane of 
the plate are referred to a rectangular coordinate system, Oxyz. 






- X  
z 
Fig. 211. 1. Strip resting on two parallel supports. 
The plate carries a transverse load of intensity q = q(xm ,  y) . 
When loaded the plate is deformed; its deflections in the z-
direction are w = w{x\ y) defining the middle surface of the plate. 
The function to gen erally depends upon the two coordinates 
x and y. When the width b is small compared to the length 
I, the y variation is unimportant. The deflection is essentially 
described by its ordinates WQ(x) along y = 0. This statement 
2 
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can also be expressed in the following way: The plate func­
tions as a beam of span I and flexural rigidity 
E I = E b h s / 12 
where E  is the modulus of elasticity and h  the thickness of 
the plate. Applying the? th eory of bent beams (see TIMOSHENKO, 
51.1), the deflection W0 is obtained from the following equation: 
d*W0 = q 0 b  
d x *  E l  K  '  
The quantity 
1 2  b  
(io = \ J  a  t o  y ) d v  
—  12  b  
is the mean intensity of the load at each x  coordinate. 
When the deflection W 0  is determined, the moment can 
usually be derived with sufficient accuracy by integrating (1). 
The shearing forces are obtained from an equation of equi­
librium for a plate element cut out by two adjacent planes 
perpendicular to the a>axis. 
The moments and shearing forces in the vicinity of con­
centrated loads cannot be determined by this method. However; 
t h i s  c i r c u m s t a n c e  i s  o f  l i t t l e  p r a c t i c a l  i n t e r e s t  w h e n  b « l ,  
since the width of the load is then usually of the same order 
o f  m a g n i t u d e  a s  b .  
This simple method of regarding the plate as a beam is 
generally not applicable to square or nearly square plates. 
Neither is it suitable for treating plates wider than their spans. 
In more general cases with load intensities varying in the y 
direction the deflection cannot be described even roughly by a 
s i n g l e  f u n c t i o n  o f  x .  
It is possible to take into consideration the variation of the 
deflection w with respect to y by cutting the plate into R + 1 
elemental strips, bounded by planes perpendicular to the y-axis. 
T h e  w i d t h  o f  t h e  i n s i d e  s t r i p s  i s  a s s i g n e d  a  c o n s t a n t  v a l u e ,  t ,  
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so small that variations of w within a strip can be neglected. 
Outside strips at the free boundaries of the plate are given 
the width — t .  The reason why inside strips are made wider 
than the outer ones will appear from the derivation of the 
fundamental equations in 212. 
In a simple case no shearing forces or twisting moments act 
on sections parallel to the x z-plane. An external load q is 
then transmitted to the edges directly by the loaded strip. As 
a matter of f act the distribution of stresses within the strip 
coincides with that of a beam. Denoting by Wr the deflection of 
the strip number r, the following expression can be established: 
d4 Wr  qr  
~J^r  = D (2) 
where qr  is the load intensity. D is the flexural rigidity of 
the plate, 
Eh* 
~~ 12(1 — r2) ^ 
depending on the modulus of elasticity E, the thickness h of 
the plate, and Poisson's ratio v. Equation (2) differs from the 
differential equation of a beam, (1), by the factor 1—v2, indi­
cating the effect of normal stresses in the y direction (see 
TIMOSHENKO 40). 
The function W r  is the deflection caused by that portion 
of the load which acts directly on the strip r. It may be 
termed the "principal deflection". 
The principal deflection for simply supported strips under 
various loads is obtained from (2). The equation contains only 
forces per unit area. Before inserting line loads Fr in the 
formula, they must be replaced b y surface loads qr of the appro- * 
priate intensity. For inside strips, Fig. 211. 2, 
qr  — F r  /1 
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ft1 S t r  i  p  0  j  A *  
Fig. 211. 2. Loads on inside and outside st rips. 
Forces acting on the marginal strips are only distributed over 
the width ^ t. As a consequence, the load intensity on strip 
0 is 
îo=2.F0/* 
The plate in Fig. 211. 2 is assumed to t)e oblique (parallelo­
gram-shaped). In this case, too, the W functions for simply 
supported strips are determined from (2). 
In applying the method described in this paper, the principal 
deflections should preferably be expressed as trigonometric 
series, 
w r  = 2 Wrn s in  
n— 1 
n TI x i 
~~T~ 
(4) 
were x r  is the distance from the left support of strip r, Fig. 
211. 2. An arbitrary Fourier coefficient Wrn is obtained by 
multiplying both sides of the equation by sin njtxr/l and 
integrating from xr — 0 to xr = l (see CHURCHILL 41): 
-XT'- 2 / . 11 71 XY -
H m = j  I W r  sm —-— a x r  
o 
(5) 
Principal deflections for loadings of practical interest and 
general expressions for the corresponding Fourier coefficients, 
the "principal coefficients", are summarized in Appendix 55. 
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So far, only the direct effect of external loads on a strip 
has been treated. Generally the behaviour of a strip is also 
influenced by reactions from the adjacent strips. As long as 
the continuity of the plate is not destroyed, the deformations 
of adjacent strips must be compatible. When compatibility 
conditions are introduced, moments and shearing forces acting 
on the sides of each strip must be considered. Their influence 
is accounted for by applying the differential equation of elastic 
plates (see NADAI, TIMOSHENKO 40), 
• 
d*w d l w _  q  
t l x*  dx 2 Öy 2  dy x  D 
This equation can not be used in its original form for deter­
mining deflections of strips with finite widths. Necessary 
modifications can be made by introducing finite differences. 
212. Differential equations for the deflections 
The deflection w of a thin elastic plate subjected to a trans­
verse load is determined by the partial differential equation 
(211. 6) together with the appropriate boundary conditions. It 
is accomplished by supposing the deflections to be small in 
relation to the thickness, h, of the plate. Deformations caused 
by shearing forces are neglected. Except in the vicinity of 
concentrated loads, this omission is permissible if h is small 
compared to the other dimensions of the plate. 
In 211 the elastic surface was described by the deflections 
of the strips, that is, by a finite number of plane curves 
w = ivr  (xr) situated at equal distances t from each other, Fig. 
212. 1. The independent coordinate xr  of a wr  function is 
measured from the left support of the strip r. The horizontal 
distance of the curve formed by the centre line of strip r from 
t h e  f r e e  e d g e  o f  s t r i p  0  i s  g i v e n  b y  t h e  c o o r d i n a t e  y  =  r - t :  
Fig. 212. 1 
Fig. 212. 1. Notations used for strip deflections. 
The transition from the elastic surface w to discrete curves 
does not alter the derivatives of w with respect to x along the 
r  curves. For the curve r  the partial derivative —— is equal 
o x  
to the derivative of i v r  with respect to x r .  Partial derivatives 
with respect to y cannot be expressed exactly, however. They 
must be replaced by finite differences (see TIMOSHENKO 51, 2). 
The following approximation is obtained for the derivative of 
iv with respect to y at y = yr  (°f- Fig. 212.2): 
dw\ 1 i \ n\ 
d 7 j ) ~  äK»-!-»-1) <L> 
V (A3 
The difference between the derivatives y— at y - y r  + v2^ and 
(J t i­
d y  
at y  =  y r _ i / 3 t ,  divided by t ,  is approximately the second de­
rivative : 
d ^  w \  i  
J y i \  +  l  —  2 w r  +  i v r - \ )  ( 2 )  
The third derivative can be interpreted as the first derivative 






t t t t 
212. 2. Deflections used in difference expres sions. 
iv\ 1 
T y * ) r Ä ( W r + 2  ~ ~  ^ r + 1  +  2  ? 6 V - 1  _ ? t v _ 2 )  ( 3 )  
If ?tfr—1> w r  and tor+i in (2) are replaced by their second deriva­
tives with respect to y at y Z\> Vr, and y +l, the equation gives 
an approximation of the fourth derivative, 
( d i w \  1 
V dy) ÄJx (<wr+2—^w r+ l  + Su-r  — ±w r- l  + wr_2) (4) 
Along the centre line of strip r ,  y  =  y r ,  Eq. (211.6) assumes 
the form 
d*ivr  d2 (d2iv\ ld lw\ qr  
+ -^T3 T.,T + "TIT = Ti (°) d x r  d x r \ d y 2 ) r  y d y ^ f r  T )  
If (2) and (4) are inserted into this equation the general dif­
ferential equation of the deflection ivr  is obtained: 
fl 
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IVr + 2 + Wr— o + ( 2 Z2 
rf2 
4 ] (w r+i + + 
+ u4 
/Z 4  9  c? 2  \  q r  t *  
<TJ?~ i t ' d7? +  ) W r "Ty  
(Ö) 
For deflections in the vicinity of free edges, (6) must be 
modified. There, the expressions (2) and (4) contain deflections 
which must be interpreted as belonging to a continuation of 
the elastic surface outside the plate. If this continuation is 
constructed to suit the boundary conditions, (2) and (4) can be 
directly applied. 
Along the boundary y -  0, Fig. 212. 1 ,  Kirchhoff (see NADAI) 
obtains : 
i r  w  0 2  i v  
y  0  x 5  
U * -
-—2 + V " ~ ® 
( I  \ r
w  ( 2  _  s ^  iv  =  F\  
( I  y ' A  ô  x1  d  y  D  
( ? )  
where F 0  is a line load applied along the free edge y -  0. Here 
the derivatives with respect to y are replaced by (1), (2) and (3). 
Two equat ions then obtained contain funct ions iV—\  and w_9:  
Fig. 212. 1. These determine the continuation of the elastic 
surface for  negat ive values  of  y :  
1  /  d 2 i v 0  
- (w ,  - 2 w 0  + w_ x )  + r = 0 
I 2 v  d 2  F 
— (w 2  — 2 10 1 + 2 w- x  - W- 2 )  + -rr-2 (»'1 - w - i )  = TT 
(8) 
21  dx^  D  
The deflections W -\  and w_2 are solved from this system and 
substituted in (6) for r = 0 and r= 1. This yields the following 
differential equations for the deflections of the strips 0 and 1: 
d4 , d2 „ 2 i 9 
dx02 
IV  n + 
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+ (4 2v) t2dx02 4  w\ 4" 2 iv2 °D (9) 
(10) 
The load intensity q0 also includes possible line loads F0: 
Where the number of strips is four or more a differential 
equation can only be influenced by the boundary conditions 
at one free border. This is not the case if a plate is divided 
into two elements, so that R = 1. In forming the fourth deri­
vative with respect to y for y= 0 according to (4), not only 
W—\ and w_2 but also the function iu2 must be taken into 
account. This deflection refers to points outside a two-strip 
plate and is thus determined by the boundary conditions at 
^ » t 
The derivation of tv2 for a two-strip plate is given in Appen­
dix 51 together with the corresponding transformation of (9). 
As a result the following system of equations is obtained for 
the deflections w0 and iv1: 
q 0  =  q  +  2 F 0 / t  (11) 




The coordinates x0 and x t  are by definition measured from 
the left support of the plate, Fig. 212. 3 
y 
Fig. 212. 3. Plate divided into two strips. 
y 
Fig. 212. 4. Plate divided into three strips. 
If a plate is divided into three strips (R = 2), the differential 
equations for deflections at the free boundaries 0, 2 is formed 
by (9). The equation of the deflection of strip 1, Fig. 212. 4, 
i s  inf luenced by the  edge condi t ions  a t  y  =  0 and a t  7 y  =  2t .  
From Appendix 51 the following system is obtained for the 
three deflections: 
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(1  —i- 2 )  t x  
d4 
dx 0 4  
4(1 )') 
f/ V 
+ 2 ">o + 
+ (4— 2v) t* 
d XQ2  
— 4 
(2  — 1')  t 2  
+ \ l l  
d x j 2  
d4 . d2 
® 1 + 2  
(w0 + ?r2) + 




2 w0 + (4 — 2 j/) / 2 
tf2 
dxJ 
u\  + 
( 1 - r 2 )  *4  
d4 
-4(1 — v) f 
d 2  
dx.r  
7, +2 n\> = 
<h fi 
I )  
Irrespective of the mode of division of the plate, the func­
tions w r  are determined by linear differential equations of the 
fourth order, with constant coefficients. Combined with the 
boundary conditions along the supports these equations yield 
single-valued expressions for the deflections. 
The exact solution of the equations offers no theoretical 
difficulties. However, even for rectangular plates divided into 
more than two strips, results require considerable numerical 
work. Computations would be simplified by tables of function 
coefficients Cn in expressions wr = 2 @n zn (%r) f °r  various dimen­
sions and loadings of plates. A great many coefficients would 
have to be computed, since the solutions contain different 
functions zn(xr) depending on the number of strips, the type 
of loading and the boundary conditions. Furthermore, the func­
tions zn involved would be cumbersome to use. And the result 
of such complicated operations would be impaired by errors 
caused by the finite width of the strips. 
Thus the exact solution of the equations is generally com­
plicated, and can give but approximate expressions of the de­
flections. This paper aims at presenting a simpler solution in 
the form of trigonometric series. For comparison, the exact 
solution is given in 221 for a rectangular plate divided into 
two strips. 
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The use of trigonometric series for the deflection iv is espe­
cially expedient for rectangular plates. For oblique plates de­
flections vanishing along the supports can also be represented 
in the same manner. The coordinates x r  now have their origins 
at different distances from the y-axis, Fig. 212. 4, the trigono­
metric functions are not in phase. This leads to complications, 
and suggests that some other coordinate system may be advanta­
geous. Several authors have used oblique coordinates, (see 
FAVRE 43, 46), but the simplifications attained in formulating 
the boundary conditions along the supports are offset by compli­
cations in the differential equations. With orthogonal coordi­
nates, derivatives of the second and fourth order will appear; 
with oblique coordinates the equations will contain derivatives 
of the first and third order also. These latter derivatives make 
the method described in 223 for improving the convergence 
of the trigonometric series cumbersome. Besides, the boundary 
conditions along the free edges are sometimes difficult to ex­
press with sufficient accuracy in oblique coordinates. Plates 
with large values of the angle of obliquity 0 and with Poisson's 
ratio v =f= 0 yield inapplicable values of some deflections, be­
cause the expressions for some coefficients in the series con­
tain small denominators. Finally, an orthogonal system with 
one coordinate axis perpendicular to the free edges is useful 
for describing the effect of loadings of practical interest. 
The application of rectangular coordinates causes some dif­
ficulties in expressing the boundary conditions along the sup­
ports. When the angle of obliquity f) has a finite value 
between 0 and — T Z ,  the deflections wr refer to a plate supported 
at separate points rather than along continuous edges. Errors 
arising from this discrepancy are usually small and limited to 
a region in the vicinity of the supports. The problem is 
discussed further in 232. 
213. Moments and shearing forces as functions 
of the deflections 
Some known formulas from the theory of plates may be useful 
in applying the method given in this paper. Fig. 213. 1 shows 
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moments and shearing forces acting on a small element cut out 
of a plate by two pairs of planes perpendicular to the x- and 
y-axes. The first subscript attributed to any notation indicates 
the direction of the normal of the corresponding surface. 
The moments can be expressed as functions of the partial 
derivatives of w. For details of the derivation see, for in­
stance, NADAI. If the distribution of strains is supposed to be 
a linear function of the distance from the middle plane of the 
plate the maximum strain is easily expressed by means of the 






where 1 /rx is the curvature of the middle |4«ne in a section 
perpendicular to the ?/-axis. 
From (1) and a similar expression for maT the normal 
stresse s  a r e  ob t a ined  f rom Hoo ke ' s  l aw  and  Po i s son ' s  r a t i o  v .  
As the stresses are also linear functions of the distance from 
the middle surface of the plate, the bending moments, 
x  
( T x  +  f - a -  d  x  )  d  y  
T  d x  
q  d  x  d  y  
M v  d y  
(  T y  4 -  ^  d  y  )  d  x  
a  M  
c ( M x y  +  d x ) d  y  
(  M  +  f  M y  d  y  )  d  x  
y  9  y  
( M x  +  d  x  )  d  y  
O X 
( M y ,  + | i Î ^ d y , d ) (  
*  3  y  7  
rig. 213. 1. Moments and shearing forces acting on an element 
of a plate. 
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M x ,  M y ,  and twisting moments M x y  are obtained by simple 
integration, 
, ,  ,  d 2  i v  d 2  w  
M ,  =  —  D I  — r  +  v  — j  
/ /  X *  O  f f  
(2) 
i r i J w d2 w 
-  V  =  ~  \ J ^ 2 + V J ^ 2  (3) 
^ 2 /  =  —  M y X  —  D  (  1  Î ' )  
d2 
d x ' d y  
or, in difference form, after substitution of (212. 1) and (212.2): 
M x r  =  - D  ̂  (w r  +  i  +  w r - 1 )  +  
2 v \  
TT \ w .  
d x J  t 2 
M y  —  7 )  
1 / X / d* 2» 




The bending moment M y  vanishes along a free edge. There, 
according to (3) 
( P  t o  d 2  t o  
1 2 V 1—2 = ® v y i  a  x *  
(8) 
From (2) and (8) the moment M x  along y - 0 is obtained as a 
function of only one derivative, 
M x  o  =  —  D (  1  —  v - )  
W r  
d  x 0 2  
(9) 
When computing the twisting moments M x y r ,  an expression 
for the first derivative of w with respect to y is required. A 
general form is given by (212. 1). However, for points along 
the unsupported borders of the plate, this equation contains 
deflections referring to points outside the plate. At y = 0, Fig. 
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212.1, the approximation for is a function of W-\ which 
can be obtained from (212.8). Substituting the result in (212.1), 
the partial derivative with respect to y is obtained in the form 
l dw\  1  1  1  d 2  w 0  
wl~Tt ( w ' - " - •> -  1( w ' - ^  +  i v t < 1 0 )  
Substitution in (7) gives an expression for M x y 0 .  Contrary to 
what might be expected, the value obtained for the twisting 
moment is not generally zero. The disagreement with the 
actual conditions along the free edges depends not only upon 
the approximate character of the finite differences but also 
upon simplifications mad e in the derivation of (211.6). 
Generally, the maximum bending moment acts on a plane 
at an angle d to the ?/-axis. This appears from the equilibrium 
of an element of the plate, Fig. 213.2. The planes AC, AB 
and BC cut out a triangular element with sides perpendicular 
"x vd * 
t a & 
M. d x 
M x  d x  
g s  i  n  &  
M Q < s i n 
Fig, 213. 2. Moments acting on different planes perpendicular 
to the xy plane. 
to the x ,  y  and |  directions, where £ is an arbitrary oblique 
direction forming an angle d with the x direction. The re­
sultant of the moment vectors acting on this element vanishes: 
Mi  - M x  cos2 d + My sin2 d — 2 M x y  sin # cos # 
— Mcr j  =  {M y  — M x )  s in  #  cos  d — M x y  (cos 2  d — sin 2  d)  
( H )  
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For maximum Mc the angle d will be 0o: 
*2*=-s?=km <12) 
Inserting sin $0 and cos #0 in the first equation of (11), the 
extreme values of the bending moments become 
M u i  =  - ( M x  +  M y )  ±  -5 (Mx M y )  +  M\ .  (13) 
The shearing forces T x  and T y  determine shearing stresses 
perpendicular to the middle plane of the plate. The shears 
are associated with the moments by equations of equilibrium. 
For the element shown in Fig. 213. 1 the equilibrium equations, 
combined with (2) — (4), give 
T  =  —  T ) \ d * W \  d  W 8   
d  X s  d x d y 2  
T  y  =  D  
d 3 w  
+ 
d 3  w  \  
d  x 2  
(14) 
When this is applied to a plate divided into strips, the 
derivatives with respect to ij must be replaced by the approxi­
mately equivalent differences (212.1), (212.2) and (212.3). For 
strips in the vicinity of free edges this transformation involves 
the deflection of points outside the plate. These deflections 
can be determined by solving (212.8) for r = 0, R. 
For a strip along an unsupported border y -  0, R t ,  the 
operations here described give a particularly simple result 
( T x )  0  • i d - Ä  
a XQa 
(15) 
For a plane whose normal is at an angle x) to the a>axis, 
the shearing force Tc is obtained from an equation of equili­
b r i u m  f o r  t h e  e l e m e n t  s h o w n  i n  F i g .  2 1 3 . 2 .  T h e  f o r c e  T y d x  
on the surface AB acts in the opposite direction of the 0-axis, Fig. 
213. 1. The force Txdy on AO also acts upwards. The surface 
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BC is subject to a force T e d  y  sec {} directed downwards. If 
there is no concentrated vertical load on the element, equili­
brium demands that 
T  c = T x  cos &  + T y  sin 0  
The reactions Q along the supports have been derived bv 
Kirchhoff. Introducing coordinates £ and tj, perpendicular and 
parallel to the support, Fig. 213.3, Kirchhoff's expression is 
Q  =  —  D  
d 3  i v  d 3  w  
d  3  '  ( I  ç  d  i j 2  
(16) 
( x ; y ) 
Fig. '213. 3. Alternative rectangular coordinates for describing the 
position of a point. 
The derivatives with respect to |  and in this equation can 
be written as functions of x and ly. Fig. 213.3 shows that 
x  = I cos 0  + 1 ]  sin S  
y = — I sin & + i] cos & 
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Hence, b}' the "chain rule" for partial derivatives, 
03  w d3  w 
cos3 S— 3 
d s  w 
sin 0 cos2 & + 
() x2  d y 
d £ d if  ö xA  
d3  w 
() x2  Ö y 
iß3 i/) 
— t  sin (j (2 cos2 (-)— sin2 &) + 
d s  w 
+ 5 (cos2 (9 — 2 sin2 6) cos 6 
n or i ri n* d x Ö y 
Here the derivatives with respect to x and y can be expressed 
by the deflections ivr. 
22. Plates with simply supported strips 
221. Exact solution of the differential equations 
in some special cases 
A parallelogram plate is supported at the opposite edges 
y = x cot 6 and y = (x—l)  cot 0 as shown in Fig. 221. 1. The 
width b of the plate is assumed to be small compared to the 
length I  of the free edges y =  ±- ^ b .  In such a case the division 
LJ 
of th e plate into only two strips can yield a good approximation 
of the deflections along the free edges. Both strips are outside 





Tig. 221. 1. Plate divided into two strips and carrying concentra ted 
loads F r. 
The deflections iv 0  for y = -^-t  and w1  for y = -\-~t  can be 
Z Li 
looked upon as composed of two parts: 
16'o = W s  — Wa  
w1 = IV s + IV a 
The load intensities, q 0  and q1 ,  can also be rewritten: 
^ = QS-Qa  
Substituting the quantities w s ,  iv a ,  q s  and <j a  in (212. 12), 
expressions are obtained which, added and subtracted, give 
<Z4 w q 
dx4 D( 1—v2)  
8 cl2 d4  
dxA  t2( l  + v) dx 2  
10 a = 






There are independent solutions for the deflections ics and 
wa if the boundary conditions do not imply relations between 
ws and iva. 
If the plate is loaded by concentrated loads F0 and F1 at 
the points shown in Fig. 221.1 
F l = F s + F a  =  ± ( q a  + q a ) t  
Eq. (1) is solved by four integrations 
F S P  IV  o = 
D t (  1 — r2) 
where 
[ 1  
3  W )  
(3) 
, f 0 for x  <  /  
?  = {  
[ x  — for x  >  1  
Big are constants of integration. 
Eq. (2) is solved by introducing the Laplace transform (see, 
f o r  i n s t a n c e ,  C H U R C H I L L  4 4 )  
CO 
w  ( p )  =  I  w a  ( x )  e ~  p x  c l  x  
b 
and integrating. For a concentrated load F a  a linear equation 
for w emerges: 
JR 2 / 7-2 \ / 7.2 \ 
p 2 T v — y  W a ~ y  ~ p ) u ' a ~11 Wa" ~~ 
Here w (  t ( ° ) ,  l ü ' a  ;  ( 0 )  ,  i v ' a ( 0) and w^'(0) are fixed values at x = 0 
of the function wa and its first three derivatives and 
2 I 
h - t  1 + v 
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(4) 
The transform w is obtained by solving the above equation 
Finally iva can be calculated as the inverse transform of w\ 
F a 13 / 2 . k x' 2 x1 x 
W"  = D t (  »^ — -Tpi + Bia + B» l + 
-r. . , k x . k x\ 
+ B3a sin h — + Bia cos h — I (5) 
Bia are constants of integration. 
The eight constants Bis and Bia are determined by the 
boundary conditions at the points of support, 
and 
x = ± tg 0 
x = i ± tg e 
Ô^ tv 
When 0^tO, even in the simple case of iv =  - — =  0 at the 
ox* 
supports, the computations become laborious and result in in­
volved expressions. For simply supported plates the equations 
for the deflections become still more complicated. 
Only for rectangular plates is the solution easy. The boundary 
conditions for a simply supported rectangular plate are 
- 7 d 2 Ws ds IVa X - Q ,  J _ =0 (6) 
The constants of integration can be determined from these 
conditions, and inserted in (3) and (5). Where only one con­





iv a = 
v 2 )  
- F l 3  
1 lx 
3 W 1 +  
h h  
Si2 
L\ x L ( x 
1 +  T - ^ h  
I  l  S l \ l  
(< )  
D t (1 — v 2) /c8 
. . lex sm h (/iL/?) . .lex 
sm h — . , ,—- sm h — + 
I sin h k I 
where 
, ,'L x x' 
12 — I 11 
(8) 
There are also easy solutions for rectangular plates carrying 
uniformly distributed loads. Suppose that strip 0 deflects w0 
when subjected to a load of intensity q. Then 
Solving (1) and (2) by elementary methods the deflections 




4 8  D  ( 1 —  v 2 )  
q 14 
2 i) (1 —  v 2 )  
T-2 k + 
1 1 x 1 / a;\2 
2 1 + 2 \T + 
1 . it . . l e  x  1 . l e x  
+ F" g 2 sln ~l W cos T 
1 
iè2 
In 225 Eqs. (7) and (8) will be applied to a special plate, 
and an exact value of the maximum moment compared with a 
value obtained by the following approximate method. 
222. Approximate determination of the deflections 
As mentioned in 212 the differential equations for the de­
flections can be approximately solved by using trigonometric 
series. This method is particularly expedient when the deflec-
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tions and their second derivatives with respect to i v  vanish 
along the supports. For a plate divided into two strips the 
following deflections are assumed: 
i c 0  =  Z  i v o n  sin (n  7 1  x 0  / 1 )  
u \ =  Z  u \ n  sin ( n  n  x l  / 1 )  =  Z  i t \ n  cos n  u  sin (n j i x 0 / l ) 
—  Z  n  s in  n  / t  cos  ( n  7 1  x 0  / 1 )  
(1) 
as 
7 1  t  t°" 0 
X l  =  X Q  —  t t g ® ,  a  = (2) 
The coordinates x Q  and x x  are measured from the left support 
of  the  s t r ips  0  and 1  as  s hown in  Fig .  212.3 .  Then i v 0 ,  u \ ,  
d ~  z u  c P  tv  
— — a n d  — : — d e r i v e d  f r o m  ( 1 ) ,  v a n i s h  a t  t h e  s u p p o r t s .  
a x  0 a x i  
The load intensities q r  are now replaced in Eq. (212.12) by 
their Fourier expansions 
q r = Z q r n  sin (n j t x r / l )  (3) 
Here 
i  
2  r  .  n n X y  7   
?,„ =  J  I  S ,sin — j— dx r  (4) 
Ù 
is obtained as described in 211. 
Substituting the series expressions for i c 0 ,  g0 and q x  in 
the first of Eqs. (212. 12), the following equation is obtained 
0  I n  7 1  f \ 4  „  .  I n  7 1  A 2  
wn 
I n 7 i t \ 2  \  .  n  7 1  x 0  - ^ . q o n ^  •  Y i T i x 0   
4(1— v ) cos n fx (—p win j sin —  ̂= >• sin -j-°-
.  I n T i  t \ ~  n  7 1  X r \  / - \  
4 (1 — v )  sin n / . i  (  — —  )  i v l t l  cos —-— (o) 
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For any value of n the terms containing iv l n  only differ 
from each other by the factors cos n ju sin (nnx0/l) and sin 
nju cos (htiXQ/I). Often the difference /xljn between the zero 
points of w0 and a\ is small compared to the length of the 
strips. Hence sin n ju c an also be treated as a small quantity 
in relation to cos n ju when only a few terms are included in 
the trigonometric series. Therefore, the cosine series are first 
neglected in (222. 5). This equation then expresses the equality 
of two sine series. It  should be satisfied for any value of x0  
between 0 and I. This condition yields 
(1 
/nnA 4  In  n  t  
v) —H + 4(1 —r) iv ,  Oil  
•4 (1 — j') cos n fx 
n j i t  (Ion 
~D~ 
or after division by w4n4^4//4, 
1 — j'2+4(1 — r) 
nji t  
IV r  
— 4 (1— >') cos n ,u ] wi n  = W0 n  
\  1% TL L i  
(6) 
In this equation 
TFo n  — q 0 1 i  j  w4  7? 1D (7) 
is the general Fourier coefficient for the principal deflection 
W0, see 211. Introducing the symbol 
ß n  = 4(1 — v)  l 2  j  n 2  n21 2  
(7-) can be written 
(8) 
(1  — v 2  + ß n )  w o n  — ß n  cos njuw i n  = W (  on (9) 
For the other strip, by interchange of subscripts, 
— ß n  cos nfx  wou + (l— V2  + ß n)w v l  = W v l  (10) 
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Thus for each n two equations are formed which determine 
the unknown Fourier coefficients ivon and iv in. The solution 
of (9) and (10) may be written (see, for instance, Aitken) 
Wr 
IV i  ( l  — v 2+ß n ) 2—ßn 2  cos2 n ju 
If other coefficients are introduced, 
Wqu = $n I 
n ~ $n 4* an j 
^ on = A-n ^ 
.  W I n  -  Sn  + A„ I 
1 — V2  + ßn  ßn  COS fljU 




( 1 2 )  
(13) 
simpler expressions emerge by adding and subtracting (11): 
Sn  S n = 
an = 
1 — v* + ßn ( l— cos nu)  
Än 
1 —  v 2  +  ß n  (1 + cos n  fi )  
(14) 
(15) 
For a plate divided into three strips, the system (212.13) 
determines all deflections. The deflections iv0, ivx and iv2 of 
the three strips 0, 1 and 2 shown in Fig. 212. 4, may be expressed 
as trigonometric series: 
Here 
tv 0  = Uw 0 n  sin (nnx 0/l) ' 
w x  = Zw l n  sin (nj ix ï / l )  
w2  = £  w 2  n  sin (n ji  x 2  / / )  
x x  = x0  — t  tg & 
x 2  = x 0  — 2 t  tg  S 
(16) 
Substituting the series for ivQ ,  u \  and w2  and the series for 
the principal deflections W0, Wr  and W2 in (212. 13), three 
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equations containing sine and cosine series are obtained. 
Neglecting the latter, as was done for plates divided into two 
strips, three equations result: 
a l  i i  "  0  n  ~  ß \  n  H  1  i l  2  y n  ̂ 2  n  ^  0  n  
ß  1  i i  0 i i  ^2)1 "  Ik  ß  l  i i  ̂  - 2  n  ^  1 i i  
2  ) ' n  W 0 n  -  2  ß l n  W \ n  +  « 1 »  W 2 n  =  W 2 n  
(17) 
Tliese determine the unknown coefficients. The new symbols 
introduced are 
a l n  =  1  —  v 2  +  4 ( 1  —  v ) ( l / n u t ) 2  +  2 ( 1  /n j i  t y  
a . 2 n  =  1 +  4 ( /  /  n  t i  t ) 2  + 4 (/ / « ti*£)4 
ß i  n  =  [ ( 2  —  ? ' )  /  n  7 1  ̂ ) 2  +  2  /  n  7 1  ̂  c o s  n  
y n  / m i t ) *  cos 2 n  f t  




The derivation of (17) is given in extenso in Appendix 52. 
The solution of (17) can be simplified by introducing other 
coefficients, 
(22) 
U ' o n  
= S 0  n  
W m  —  S l n  
(M = S 0  n  
^ o n  I
I 
W i n  
II 
n  -  n  + ̂- 0 1  
(23) 
which yield three equations. From two of these the coeffi­
cients s 0 n  and s l n  can be solved, 
"5o« J 
S111J («l) i  + 2}'n)«2n-4A; 
l 2 ? i  * ß u  
2  ß \ n  n \  1 1  +  2  y .  




From the third equation aQn is obtained directly: 
„ \v (25) 
"in ^ J  i i  
The derivation of the coefficients for a plate divided into five 
strips is given in Appendix 52. 
When Poisson's ratio v - 0 the coefficients srn and arn can 
be evaluated from Appendix 56 giving diagrams for the coeffi­
cients B rsn  and Crsn in the general equations 
$rn ~ ̂  Brsn $un 
Mm = ̂  Crsn -^-s n 
Brsn and Crsn are given as functions of w/< for different values 
of the fraction l/nt. These graphs are valid for plates di­
vided into two, three and five strips. For practical com­
putations the width ratio l/t should be chosen between 2 and 
4: see 226. Narrow plates may thus be divided into two 
strips only. Plates with l<//5<2 are conveniently treated by 
using three strips. Still wider plates make the introduction of 
five strips desirable. When l / b < ^ ~  the curves for l / b =  can 
u Li 
generally be used with sufficient accuracy. 
Assuming l / t  =  2 as a minimum value for practical computa­
tions and taking into account series terms of the first, second 
and third orders, the fraction l/nt can assume a minimum 
value of 2/3. The diagrams mentioned contain curves for 
several values of l/nt between 0.6 and 4. 
223. A method of improving the convergence of the 
trigonometric series 
When the quantities srn and arn are determined as described 
in 222, the Fourier coefficients wrn can be computed from 
equations such as (222.22). The deflections iv r  are then obtained 
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as trigonometric series by application of (222.16). However, 
such an expression is of practical value only when its con­
vergence is rapid. It is therefore desirable to investigate how 
the Fourier coefficients for the deflections decrease with n. 
Examination of the Fourier coefficients srn  and arn  expressed 
in (222.24) and (222.25) reveals that the angle S, the ratio 
l/t, and the Fourier coefficients of the principal deflections 
all influence the convergence. 
The first of these three factors usually has little significance. 
Among all plates with the same length I, w idth b, an d load q, 
the rectangular plate has the greatest deflections. Thus an 
upper limit of the sums of the trigonometric series is obtained 
by putting 0 = 0. 
The second factor, the ratio l / t ,  has greater influence upon 
the convergence. With increasing n the coefficients srn and 
arn tend to Srn and Arn. The rapidity depends \ipon the 
relative width of the strips. For wide strips (I /1 < 0.5), 
only small deviations from the corresponding principal coeffi­
cients appear even in the coefficients of the first order. For 
narrow strips such a conformity can only be found for coeffi­
cients of higher order. The structure of (222.24) shows that 
the first terms in the series decrease slower for larger values 
o f  l / t .  
The third factor, the form of the "principal coefficients" 
Srn and Arn, is most important. If the principal deflections 
can be expanded in rapidly converging sine series this is gene­
rally true of the deflections also. When a plate is subjected 
to a uniformly distributed load, the coefficients of its principal 
deflections decrease with the fifth power of n, (55.2). Then 
deflections and moments are both usually given with sufficient 
accuracy by the first term in their expansions. 
Concentrated loads give more slowly converging series for 
the principal deflections. Sometimes deflections can be de­
scribed satisfactorily only if two or three terms in the expan­
sions are included. Even more difficult is the representation 
of the moments. 
When a plate is divided into strips with finite widths as 
described in 212, it becomes impossible to represent the moment 
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where a force acts at a single point. The slope of the plate 
in the direction perpendicular to its free edges may be re­
garded as a constant throughout the width of a strip. This 
restraint upon the elastic surface of the plate makes its de­
flections almost equivalent to the deformations under a line 
load distributed over some finite part of the strip. 
The approximate method here described therefore does not 
give unlimited values of the curvature at points of application 
of concentrated loads. A correct solution of (211.6) would do 
d ^  w  
that. The diagram of the second derivatives ——^ under each 
Cv OCy 
concentrated load has an apex, which is not easily represented 
by a trigonometric series. 
In order to obtain more rapidly converging series, strip de­
flections are expressed as the sum of the principal deflection 
TTr  of the strip and of a trigonometric series. The deflections 
of a plate divided into three strips obeys the equations, cf. 
(222. 16): 
•vn • n n Wt„ Won\ . n n x0 
u 0  = 2 «•«.. S'n _» = + 21 «•»„ -  ̂  Sln —5 (D 
•  n n x ,  T r r  ,  T r ,  x  .  n n x .  v\ = ii\n sin —-— = Wx + X (u\n — TÏ1W) sin —— (2) 
.  n n x 2  W 2  I f '  \  .  n n x 2  
v-i = X sin —j-* = ^ + X U-ân - sin —^ (3) 
"When 0 = 0, the coefficient u\n for the deflection of the 
central strip from the second equation of (222. 24) becomes 
n'm ~ Sm = j\t [2 ß\n '^ on "t" ( t tm "t" 2 }'n) $ml ( ^ )  
where 
s  =  ( a i n  +  2 y n )  a 2 n  4 ßin2 = (1 r2) 
I  
+ " 
1  +  v  \ n  n t j  
n  n  t  
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Substituting (4) in the first expression in (2), ivx is obtained: 
w , = N. 
i , , I 
Ns \1l Tit ) 1 
v2 In j i t\2 
I 
+ 1 — v + 
I 
11 71 t S J 7i + 
+ 
2 \n TI Tj 
Sn 
I . n ii X-, 
sin (5) 
The second, more complicated expression for w1 in (2) can be 
put into the form: 
IV , = wt + v fl\n+ Z "/n ! \ q , 2 ß}n q y V+ N *0n 
n ti X-. 
sm —-—-
L 
Substitution in this equation of the values of a in, ßin, and yn  
according to (222.18), (222.20) and (222.21) gives: 
1 — v2 + ( 1 — 2 v2) 
I 
n ti t s,„-
i-.M ' 
2 \n ti t 
n \ . n ti x, 
o on j «"i —— (6) 
The two series (5) and (6) differ in the coefficient of Svl. 
In (5) the bracketed expression before the principal coefficient 
of the central strip increases with the second power of n. The 
corresponding bracketed expression in (6) tends to the finite 
value 1—v2 for large numbers n. 
The bracketed expression before Son in both cases tends to 
the value 1— — v with increasing n. Thus (6), derived from 
the second expression for u\ in (2), gives more rapidly con­
verging series than (5), which is based on the first expression 
in (2). 
This is true for the central deflection iv l. Similar investiga­
tions for the outside deflections iv0 and iv2 give analogous re­
sults. The expressions where the principal deflection is removed 
from the series and represepted exactly, as a special term 
contain series of more rapid convergence than the simpler 
47 
series expressions do. The results obtained for a plate divided 
into three strips are valid for an arbitrary division of the plate. 
They can also be applied to oblique plates. In the equations 
Lr{won, Wrn, • • •) = Irn / D the coefficient of wrn is in­
dependent  of  the  angle  of  ob l iqu i t y  6. 
Thus the convergence of the series for the deflections w r  ca n 
generally be improved by substituting for the series 
iur = 2wr n  sin (n n x r  / I)  (7) 
the sum 
w r  = W r  + £(w r n  — W r n)  sin (n7ix r / l)  (8) 
for inside strips and 
T*o I   ̂o" \ n ti  XQ 
U>o = + >, I W on - Y—» j sm ~~T~ ( ) 
for outside strips. 
224. Estimation of errors 
If only a finite number of terms are included in the series 
for the principal deflections, inaccurate strip deflections will 
result. To find a general upper limit for practical cases, a 
loading is chosen for which the coefficients Wrn converge slowly. 
Appendix 55 reveals that concentrated loads should be con­
sidered. The slowest convergence is obtained for forces applied 
near the supports. 
Consider a plate in which strip r car ries a concentrated load. 
The other strips are not loaded. According to Appendix 55, 
Wr = 2 Sin < I n' W„, | ^ 




According to (223), the series for icr converges more slowly 
than the series for the deflections of the other strips (223.7). 
So the attention may be concentrated on wr. The deflection 
of strip r is usually less than the principal deflection Wr. The 
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adjacent strips are forced to participate in the deformation, 
and thereby take over some part of the load. The deflection 
ic0 of outside strips might exceed the principal deflection by a 
small amount. This possibility is disregarded, however. The 
neglect of terms containing values of n larger than N results 
in an error 
°O j 
I A w r  I < I n4  W r n  I m a x  2 (2) 
N +  1  
The sum is approximated by an integral: 
yielding 
1 i  dn 1 
•fTm .  n i <  J n4  /AT 
* + 1  fa, 3 A + 9 
I  ^  I pp i  i \3 I ^  rn I max (3) 
3 I J V  +  -
When the first three terms are included in the series for 
the deflections, the error estimated by (3) will usually be 
admissible in practical work. However, for exceptionally narrow 
strips the errors can often not be reduced to admissible values 
if not many terms are included. In such cases the series 
should be transformed as in (223.8): 
iv r  = W r  + 2" (w r n  — W r n  ) sin (n n xr  /1) = 
= Wr + 2"z r n  sin (n n xr  / I)  (4) 
The other deflections are expressed by (223. 7): 
iv s = Z ws n  sin (nnx s  /1) (5) 
These expressions are substituted in the differential equations 
of 212 corresponding to the appropriate division of the 
plate. If the simple form (223. 7) had been used for the de-
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flection i v r ,  the coefficients w r n  in (4) would have taken the 
place of z r n .  In (4) \\rr  can be expanded into a trigonometric 
series. The unknowns w o n ,  . . .  to r _ l y T l ,  z r n ,  w r +  hn ,  . . . .  w R n  
are obtained by solving the systems of equations given in 222 
and Appendix 52. Known quantities originating from W r  in 
(4) must be added to the principal coefficients W s n .  The re-
salting principal coefficients W decrease more rapidly with n  
than do W s n .  To begin with, only the differential equation^ 
for strip r contained known quantities. In the transformed 
system the coefficients W ' s n  appear in the equations for w r _ . 2 , n ,  
z r n ,  iv r + i ) W ,  w r+2,n• For any number of strips the 
magnitude of the coefficients W does not exceed 
I  s n  I m a x  =  I  Wrn  |  max  (Ö)  
This is apparent from 222 and Appendix 52 where 
a i n -  1 + 4(Z / n nty  + 6 ( I  /  n  nt )*  (7) 
The coefficients W s n  for consecutive strips will be alternately 
positive and negative. Results "on the safe side" are obtained 
by considering the effect of \^sn\max only- The error |zUt's | 
arising from the omission of terms of higher^ order than n  =  N  
is less than 
I A W s  I < J Yl  ^Vrn  I v i  ax  
2V+ 1  
a± n  — 1 •  n  TI X » ~^— t— sin —=—= < 
00 1 
< (iV+ l)2 («4) jv+i — 1) ^ —g l^4 ^rn I (8) 
N +  l  






\ d w , I < 1 ) 8 ( " 4 -  ̂ r ;  ^ \n*W rn\,nat  (9) 
T * * )  
If only the first three terms are included (N = 3) the error 
becomes 
I A ws  I < .0061 (a44 - 1) I w4 W r n  I m ax  (10) 
In 222 l / t -  4 was considered a s a maximum value for practical 
computations yielding 
M^|< .0040" I W4 Wrn I ma x (11) 
If the maximum deflection is about a quarter of the principal 
coefficient W r \ ,  (cf. diagrams in 56), and a concentrated force 
acts at the mid-point of a strip (11) gives a maximum error of 
only 1.1 % in the maximum deflection. 
The relative errors in the series expressions for the second 
derivatives are often considerably larger. This necessitates the 
use of (223.8) and (223.9) for computing the moments. The 
error caused by neglecting terms in the Fourier series for the 
principal deflections can be estimated by differentiating the 
series (8). The maximum error in the second derivative with 
respect to x s  is: 
d2  iv c 
d Xc 
^ 72 (N+ 1 )2 («4, N+1 — i) I n4  Wr n  I  
iV + l 
1 . njixs   
»«sm — < 
„ : t3  (.V+ !)«(«,, ;V+1- 1) 
<  s v '  TZ 
~2 
m I max (12) 
For a concentrated load acting at the mid-point of a strip, 
d2  w(  
the bounds of 
d Xc 
can be further contracted. In the sum in 
(12) every othér term vanishes. For odd values of N the 
inequality 




n ur 1 .  n TI 1 / cl n 1 
—7 sin —— = > —; sm —<— I —— =—— 
n4 2 — n4 2 2/ n4 6(A + 1) 
iV + 2 N̂ +l 
is valid which reduces the estimated maximum of A 
ws  
d x J  
(13) 
to 
j  d 2  iv s  
d x,2  
7t2(g4, y+1—1) 
6 I 2  ( N  +  l ) 5  l ^ i  I  
If a load is uniformly distributed over a finite area the 
principal coefficients have an upper bound: 
Hence 
,  d2  ice 
d Xe* 
Wrn  < I n5 W rn  I max 
= Ŵ N + I)2  (ai,N+l — 1) I n *Wrnl 
(14) 
N + l  
1 . riTiXs 
— sm —— 
nö  i  
712  ( N + 1 
< Ptü («4,^1-1)1 W rn  I max 
4 , l 2 [ N + ~  
By differentiating (12) with respect to xs  the maximum error 
in the third derivatives of the deflections can be estimated. 
This estimate is useful in studying the accuracy of the shearing 
forces computed from (213. 14). 
225. Application to rectangular plates 
The Fourier coefficients for the deflections of rectangular 
plates assume a particularly simple form. The origins of the 
abscissae, Fig. 212. 4, in this case all are situated on a straight 
line perpendicular to the free boundaries. Thus cos n /u = 1 
and sin nju= 0. Substitution from (223.7) in the differential 
equations for the deflections yields only sine series. Hence the 
coefficients w r n  are given exactly by the expressions in 222. 
If strip deflections with vanishing curvatures at the supports 
are inserted in (213.2), it is found that the moments at the 
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supports of the plate vanish-—that is, that the plate is simply-
supported. 
The results obtained in 222 will be applied to a rectangular 
plate with l/b = 2, Fig. 225.1. The plate is divided into only-
two strips of width £/2 = Z/4. The value l/t = 2 is the lower 
limit for width-ratios in practical computations, as explained 
i n  2 2 2 .  P o i s s o n ' s  r a t i o  v  =  0 .  
F 
Fig. 225.1. Rectangular plate, concentrated load F at x = I / 4. 
To determine the Fourier coefficients for the deflections of 
strips 0 and 1, ßn is computed from (222.8): 
ß n  =  4 • 22 / n 2  n 2  —  1.621 / n 2  
Substituting ßn in (222.11) yields 
^=S +ïtST> ̂  '618 ,F«1+-382 
w11l = .382 W0l + .618 Wn 
1+1.621/4TTr 1.621/4 TTr 
iv02 = -—Wn9 + W,, = 
1  +1 .621 / 2  1  +  1 .621 /2  
= .776 W02 + .224 TT12  
= -224 W02 + .776 W12 
(1) 
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This result could also be obtained by (222. 14), (222.15) and 
(222.12). The latter method is advantageous when v = 0. Then 
sn  = Sn ,  and an=CnAn  where Cn  can be taken from. Fig. 561.1 
in Appendix 561. 
Only coefficients of the first and second order have been 
determined. The error originating from neglecting coefficients 
of higher order can be estimated by means of (224. 3). A plate 
loaded at x = I / 4 lias |  n4 W r n  | max  = ~W r\  • • The maximum 
error of the deflection is 
l^^l<3^|ji r" = -030 W ' ' ' 
When only strip 0 is loaded the maximum deflection becomes 
«•'o max ~  .618 ]^01 
The relative error is 
I  A  wr  I  /w 0  ma x < -030 / 0.618 = .049 
A concentrated load acting at the mid-point of strip 0 yields, 
by (224.2), 
I A wr  I / w 0  ma x  < .030 / 0.618 V^2 = .034 
Deflections for arbitrary types of loading can be constructed 
from (1). 
Assuming that strip 0 is subjected to a uniformly distributed 
load of intensity q, and that strip 1 is unloaded, the principal 
coefficients W on  may be obtained from (55.2) in Appendix 55: 
W02 = 0 
The Fourier coefficients for the deflections are 
w 0 1  = .618 -4 ql*  /n J D= .00808 q  I*/  D 
w,  l  = .382 • 4 q Z4  /  7 i b  D = .00499 q Z4  /  D  
^02 = ̂ 12 = ® 
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The corresponding trigonometric expressions, 
.  r i x  q  Z 4  
w 0  -  .00808 sm — 
i J-J 
ivx = .00499 sin 
TI x q I  *  
T JJ 
(2) 
describe the deflections of each strip with sufficient accuracy. 
Using (224.14) in estimating the following inequalities 
are obtained for odd N: 
IA  w,  'HA  W r n  J max 1 / tv '  <  — TFyi i  d  ti  /  w 5  — 
N + 2 "  J  
N+1 
= TTr l/8(2V+ 1)\ \ A w r \ / w o m a x <  1/8(0.618) 24 = .013 
Therefore the first Eq. (2) ought to give almost the same 
result as the more complicated expression (223. 9). Substituting 




X  I  X\ "  IX  
+ 
^ q I o 4 \ . t i  x  q l *  
_+ .00808 sm T ~jy 
9 
I  \ l  
+ 
X 4 . ~ 71X 





The maximum deflection occurs at x = ~l: 
2 
IV  r .  = .00803 q l * / D  
which differs from the maximum deflection according to the 
first Eq. (2) by .6 %. 
The moments are found from (213.7) and (213.9). Denoting 
by Mxo  the bending moment in strip 0, and using the simpler 
e x p r e s s i o n  f o r  w 0 ,  ( 2 1 3 . 9 )  y i e l d s  f o r  v  =  0 :  
M x o  = - D d ^ = . 0797 sin ~  q  P  
ar I  
(4) 
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The second derivative of iv0 also can be computed from (3), 
yielding the bending moment 
The maximum values obtained from (4) and (5) differ by 
5.3 %. Thus the simpler expression (222. 1) for tv0 can also be 
useful in determining the moments. 
A load F  applied on strip 0 at x = l / 4, Fig. 225.1, yields 
according to (55.4) the following principal coefficients 
The width-ratio l / t  here is replaced by 2 1 ] t  because an outside 
strip is loaded. 
Substituting this in (1) yields the following series coefficients 
in the expressions for tv0 and wl : 
w0 = [ .359 sin ( n  x  /1 )  + .0398 sin (2 ji x /  Z)] F l 2  /  10 D  )  \ (6) 
w x  = [ .222 sin ( n  x / 1 )  + .0115 sin (2 n  x  / l ) \  F l 2  / 10 D  J 
The first of these functions is unsuited for determining the 
moments in the loaded strip. By substituting in (223.9) the 
finite expression for W given in (55. 3) and differentiating twice, 
the curvature is obtained: 
rn = Tr12 = o 
d? w0 d2 W0 TI2 g TT7 \ ' TI JZ 00 
>  n  ( W o n — W O n )  s m  — —  
d x'1 dx2 12 
(7)  
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Here x  = 0 for 0 < x < l / 4  and x ' ^ x  —  l /  4 for l / - i < x < l .  
Multiplication of (7) by — D yields the bending moment Mx0. 
Its distribution along the x axis and a curve for the bending mo­
ment MX1 of strip 1 are shown in Fig. 225. 2. The series for the 
unloaded strip converges better than the one for the loaded 
strip. Hence the moment Mxl can be derived from the second 
Eq. (6) by differentiation and multiplication by —I): 
M x ,  = F [  .219 sin .045 sin ^ 
The maximum value of Mxo occurs at x - l /  4 :  
3 .219 
M1/7T — F I —-
,4 
The maximum value of M X 1  is 
M'xi max = .234 F 
0  .2  5  . 5  0  
045 = .550 F  (8) 
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. U  0 
Ü 
F 
Fig. 225. 2. Rectangular plate, concentrated load F at x = I / 4. 
Moments M x0 and MX1 for a division into two strips. 
This simple division of the plate into two strips does not 
yield a workable expression for the bending moments My, but 
these are small and of little practical interest. 
The maximum error in the expression (7) for the curvature 
of strip 0 can be estimated by (224.12). With N=2, (224.7) 
yields a43 = 1.193 and the maximum error 
d 2 w  





The relative maximum error becomes 
( I 2  w  
()x2 
d 2  w  .514 
.550 
0.0581 - .054 
The equations for w r  are solved exactly in 221. For a 
concentrated load F acting on strip 0, Mx0 is obtained by 
subtracting (221.8) from (221.7), differentiating twice with 
respect to x, and multiplying by —1): 
M  - H  ' o -  t  
l 2 x  x '  (sin h k  x / l )  sin h k  l % / l  sin h l e x ' / I  
I2 I + k sin h le k 
'•-r 
3 1  
^2 = 4 ' 7c = 
2 1  
l+i' 
= 4 y 2 
The maximum bending moment appears under the concentrated 
load at x = 1/ 4, 
M  - Fl • f °  "  t  
l x l 2  (sin h k  I J l )  sin h k l 2 / l  
k sin li l c 
- 2  F  (— + s inhy'2sinh8y-g| = .542 F  
\ ! Ö  4 \ / 2  s i n  h  4 ^ 2  /  
This value differs from that given in (8) by only 1.5 %. 
A more detailed description of the elastic surface requires 
a finer division. The deflection coefficients for a plate di­
vided into three strips can be computed according to (222.24) 
and (222. 25), or by using values of srn  and arn  from the dia­
g r a m s  i n  A p p e n d i x  5 6 2 .  T h e  w i d t h  o f  t h e  i n s i d e  s t r i p  i s  b / 2 ,  
which signifies a width-ratio of 7/£ = 4. The series coefficients 
srn  and arn, n= 1, 2, 3 become: 
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^oi — -514 Sqi 4" .486 aSjj 
su = .486 S0l + .514 &u 
$oi — .134 A0 1  
s0 2  = .590 S0 2  + .410 S1 2  
s1 2  = .410 S0 2  + .590 S l 2  
a02 ~ .382 Aq2 
^*03 — .680 ASq3 ~f" .31o Sj3 
5j3 = .310 Sqq "t" .685 <S'i3 
a03 ~ *581 _A03 
(9) 
These formulas can be applied to arbitrary cases of loading. 
The concentrated force F applied at x = Z/4 on strip r= 0 yields 
the following principal coefficients : 
o  8 F l * • " n*oi Fl2 < 
^ = sm 4=-0081 ~IT= 01 
Fl2  • n  __1 ( >  Fl2  
=  2n*D S m  2 =  -D-—A°> 
0  8FI'2  .  Sn „„„ r . .„Fl2  .  
= 81 jr47) Sin ~4~ = -000717-g- —4 
'S'il = $12 = $13 = 0 
Inserting these vaines in (9), and applying (222.22) the coef­
ficients for the deflections w0, wt and w2 are obtained. " The 
simple series expressions (223.7) can be employed for the de­
flections wl and w2. However, in determining the bending 




Ix Ix\s  4 Ix1 .  71  X . 2 71 X 
16/ Ii) +3 y) --0785 sm--.00528 sm < 
.000526 sin 
3 .t # 
/ 77 
(10) 
. TT X 2,71X . 3 71 x\ Fl2 
w, = ( .282 sin — + .0211 sin — + .00226 sin — 
71 X 1  71 X 3t ix \  Fl 2 
IV» = I .221 sin —— + .0107 sin — h .00003 sm . 
i  i  v  ]  10  1)  
Here a;' is zero for 0 < x  <1/4: ,  and equal to x — £/4 for 
I  !  4 < x  < 1 .  
The deflections of strips 0 and 2 computed from (10) differ 
slightly from those obtained for strips 0 and 1 from (6). The 
difference between the mid-point deflections determined for the 
plate when divided into two and three strips is only 1.9 %. 
The distribution of the moments M x r  along the three strips 
is shown in Fig. 225.3. Mx0 is a maximum under the load and 
is Mx0max= .711 F. The maximum value for strip 2 is 









225.3. Rectangular plate, concentrated load F at x 0  = l /4. Moments 
MXO, MXL and MX2 for a division into three strips. 
The dashed curve in Fig. 225.3 represents the moment 
caused by two forces F/4 upon the outside strips at x = lj4 
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and by one force F / 2 acting on the central strip at x - H 4. 
The plate then behaves as a beam. This can be seen from (9) 
after inserting the coefficients 
0  Q  8  F I s  n 7i 
£>on ~ "in = ~i T-/^ s in ~~7~ 
714 w41) 4 
4o n = 0 
At some distance from the load this dashed line approaches 
the moment curves for a concentrated load on strip 0. 
The moment My in strip 1 is determined from (213.6): 
M y i  = -^{w0—2io l  + w2)  
This expression contains differences between deflections of 
the same order of magnitude. Crudely approximate expressions 
for  the deflect ions would yield unrel iable results .  Instead,  iv0  
ought to be estimated more accurately by means of (10). The 
bending moment then becomes 
My = n
x  1 c (  XY 64 / x'  \3  .  n x 10_ . 2 Jix 
T +  ( t )  - t ( t )  + 1 ' 8 0 °  s , n T  + - 1 8 5  8 1 1 1  ~ r  +  
+ .015 sin 
3 71 x 
T~ 
F 
For x - l / 4 this equation gives the moment 
M y x  = — .  078 F 
which is 11 % of the maximum of Mx 0 .  
The computations for a [)late divided into three strips 
are accomplished with the three first terms in the trigono­
metric series. When the plate is divided into two strips, 
all except two series terms are neglected. Eq. (224.10) shows 
that the maximum error increases in direct proportion to the 
principal coefficient Wrn. This quantity increases for con­
centrated loads with the width-ratio l/t. The deflections change 
6 1  
only slightly for varying widths of the strips. Therefore, the 
errors will be relatively larger for narrow strips than for wider 
ones. -The only way of reducing the relative errors is to include 
more terms of the series. 
üesults obtained for a wide plate are given in 226. Errors 
originating from the finite width of the strips are also dis­
cussed there. 
226. The effect of the width of the strips upon the results 
Deflections obtained as described in 222 and 223 involve 
errors due to the omission of principal coefficients of higher 
order. There is also another source of error in that the deriva­
tives with respect to ij were replaced by finite differences 
between values  for  pos i t ions  one  s t r ip-width  apar t .  Ay = t .  
Thus, in the example treated in 225 by division into 2 strips 
(l/t = 2), the following Fourier coefficients used in (225.6) were 
obtained for the deflections: 
Fl2 
iv01 = .0359 
Fl-
= -0222-p-
iVnc = .00398 
w12 = .00115 




( i )  
For the same type of loading and a division into three 
strips (l/t = 4), the coefficients for the deflections of the outside 
strips 0 and 2 become 
wn i = .0377 





Fl 2  
iv02 = .00498 -jY 




It will be seen from (1) and (2) that the differences between 
corresponding coefficients for n = 2 are relatively larger than 
for n = 1. This could be expected for the following reason. 
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The computation of a coefficient wrn for a plate of width b is 
formally the same as the determination of the coefficient wri  
for a plate of width bn which is divided into the same number 
of strips as the first plate. The approximation by finite differ­
ences becomes cruder for coarser division. Hence larger 
errors are obtained as the order n of the Fourier coefficient 
increases. 
The effect of the width of the strips must be specially 
considered when b>l. The strips are then made wide in 
order to shorten the computations. Take, for instance, a 
plate with the proportions shown in Fig. 226.1. The coeffi­





Fig. 226.1. Rectangular plate, concentrated load F at 
x 0  =  l / 4  a n d  x 1 - l / 2 .  
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A concentrated load F is applied first at point A on a free 
edge, and subsequently at the mid-point B of the plate. 
The calculations are performed for the first loading by 
dividing the plate into 3, 4, 5, and 6 strips, and for the second 
loading by a division into 3 and 5 strips. The results are 
presented in Table 226. 1. The same conclusions can be drawn as 
for the plate treated in 225. The relative differences between 
corresponding coefficients computed for different modes of 
division increase with decreasing values of 1/1 and with in­
creasing order n. Their absolute values are generally small. 
If not multiplied by the multipliers in the last row, the 
values given in Table 226. 1 are the Fourier coefficients for 
the moments Mx with F =• 1. These coefficients differ but slightly 
for the same order number when the width-ratio l/t> 2. This 
explains why in 222 l/t = 2 was proposed as a lower bound for 
practical computations. 
Table 226.1 
Rectangular plate, simply supported and subjected to a concentrated 
load F. Fourier coefficients for the deflections w0, u\ and along 




Load at A Load at B 
of Line 0 Line 1 Line 2 Line 0(2) Line 1 
strips 
W 0 l  W 0 2  w u  W 1 2  «»1 W 2 2  W 0 1  w 'n 
3 1 .212 .092 .036 .004 .006 .000 .048 .155 
4 1.5 .251 .126 — — .006 .000 — — 
5 2 .269 .149 .034 .003 .007 .000 .048 .180 
6 2.5 .277 .166 — — .009 .000 — — 
Multiplier 1  F l 2 / n 2 D  F l * / 4 :TZ2 D  F l 2 /TI2  D  F l 2  \  \ :T2  D  F l 2  !  7 L 2  D  F l 2  /  4  TZ2  D  F L * / TI2 D  F 1 2 / TI2D  
From the results given in (1) and (2) it is possible to trace 
another tendency which limits the validity of the conclusions 
stated above. The coefficients wrn for the unloaded strips are 
practically independent of the mode of division. For the 
strip with the concentrated load the dependence on the width-
ratio is more obvious. In fact, the differences between the wrn 
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obtained for different widths of a loaded strip, r, can be con­
siderable for higher values of n, also when I /1> 2. Errors in 
the expressions for the partial derivatives of w with respect to 
y are of se condary importance. The large deviations are chiefly 
due to the change of the distribution of load by altering the 
width-ratio (see 223). 
An accurate determination of the errors originating from the 
introduction of finite differences is often not possible, but the 
errors can be reduced by suitable corrections. To improve the 
results obtained by network methods some authors have proposed 
various methods applicable to plates subjected to concentrated 
loads (HERRMANN, M ARCUS, J ENSEN), but here a method of correc­
tion will be given for improving the results of strip methods. 
It may be asked what quantities are so small that they may 
be neglected. The deflections ivs of the unloaded strips were 
only slightly affected by variations of l/t. Hence, according 
to Maxwell's reciprocal theorem (TIMOSHENKO 51, 2 p. 239), the 
supporting action of the more remote parts of the plate upon 
the deflection wr of the loaded strip is in the main independent 
of the mode of division. 
The angle 0 and the width of the plate affect the differen­
tial equation for wr only through changes in the deflections 
ws of adjacent strips. The influence of the angle 0 and the 
ratio l/b will therefore be supposed to be unaffected by the 
choice of width-ratio l/t. Results obtained for an infinitely 
wide, rectangular plate can be applied to plates with finite 
dimensions and moderate obliquity. 
Assume, therefore, that an infinitely wide plate is subjected 
to a load, 
n TI x 
q r t  =  q  t  sin —-— 
acting on a central strip of width t. 
Deflections at equal distances on either side of the loaded 
strip, r, are equal: wr—s = wr+s. Eq. (212.6) yields an infinite 
system of differential equations: 
di d2  \  I d2  \  
'> j^~ i t i jT*+ er r+ \4 : t 'd7'-8)u ' r* i + 2 w r +* = D 
' d2  \  ! d4  d2  \  
4  t2äx i + ' j) w '^+ w '+*= °  
wr + wr+4 + (2 t2 -^5 — 4 j (te;r f l  + wr+3) + 
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Qtrt4  
+ ( T̂^I-4^X"5 + 6Wr + 2 \ c? Ä rf a;2 j ,+" 
= O 
(3) 
This system is satisfied by a set of trigonometric functions 
njix .  nnx 
iv r  = iv rn  sm —y—, w r+ i  = w r + i ) n  sm ——, . . . 
Introducing the notation 
«5n = 1 + 4 { L /n T I  t)2  + 7 (l/n n t)A  (4) 
and the notations given in (222.21), (224.7) together with 
(52. 10) in Appendix 52, the system of equations for the coeffi­
cients wrn, tvr+\<n, ... assumes the form: 
«4 n 11 rn ' ~ ^ ß*2n Wf + 1, n *1" 2 }'n Wr + 2, n = ^ 1 
ß'2.n Wrn "I" ®5n ̂ r+1, n ß'2n Wr + 2, w /n ^r + 3, n — 0 
rw /^2n MV +1, n + <24». ^r + 2, n /^2n ^r-j-3, n ~l~ 




An exact solution is possible. However, for values of l i n t  
within the region of practical interest (l /nt< 4), the unknowns 
w r n  are found more rapidly by successive approximation. 
The coefficient wrn is written in the form 
= (6) 
The factor Cid tends to a finite limit for large values of l / n t  
c o r r e s p o n d i n g  t o  a  s i n u s o i d a l  l i n e - l o a d  d i s t r i b u t e d  i n  t h e  x  
direction only. For small values of 1/nt the coefficient wrn 
approaches W r n. Hence, Cid-nt/l tends to unity, and Cid to 
zero. The relation between l /nt  and Cid is shown graphically 
in Fig. 226. 2 
y 
.9 
. 8  
.7 
1.0 3.0 5.0 L/nt 
Fig. 226.2. Factors C i d ,  t i e ,  C i d n t / l  and C i e ^ t / l  as functions y  of 
l i n t .  D a s h e d  l i n e  i n d i c a t e s  v a l u e  f o r  l / n t - o o .  
The solution of the system (5) can also be used for computing-
d i f f e r e n c e s  o f  t h e  s e c o n d  o r d e r  w i t h  r e s p e c t  t o  y  a l o n g  s t r i p  r :  
I  d 2  w \  2 ,  v  .  n n x  t  ™  . n n x  I J J î )  Ä ̂ ( w r + ï , n ~  W r n )  Sin —— = ~ xd~^~ ̂ rn sm (') 
\  y  i f  
The factor x d ,  which depends on l / n t ,  is represented graphi­
cally in Fig. 226.3. It is zero for l /nt  = 0, and increases 
asymptotically to a finite maximum as l /nt  tends to infinity. 
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7 . 0  
6.0 
5 . 0  
4 . 0  
3 . 0  
2.0 
1 . 0  
1 . 0  3 . 0  5 . 0  l / n t  
Fig. 226.3. Factors and x e  as func tions of l / n t .  Dashed line 
i n d i c a t e s  v a l u e  f o r  l / n t = o o .  
From the curves in Figs. 226.2 and 226.3 the deflections 
and curvatures of strip r can also be obtained for load distributions 
c o r r e s p o n d i n g  t o  s i n e  f u n c t i o n s  w i t h  v a r i o u s  w a v e - l e n g t h s  2  l / n .  
The deflections f or the case treated here will now be deter­
mined by an exact solution of (211. 6). In the coordinate system 
shown in Fig. 226.4 the solution for positive values of y is: 
•TW 
/r> 7) x r • nX w  =  ( B 1  +  B > y )  e  1  sin — 
B l  and B 2  are constants to be determined by the boundary 
conditions. Terms containing positive powers of e have been 
omitted, since the deflections vanish when y tends to infinity. 
Fig. 226.4. Plate of infinite width , sinusoidal load alon g a line 
perpendicular to the suppo rts. 
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The slope in the direction of the y-axis is zero along the 
#-axis. B2 can be eliminated by this condition: 
^  l  t i  y \  — •  n X  / n \  
w = Bx  ( 1+ -J- J e  sm ~j~ (8) 
The remaining constant Bx expresses the effect of the line 
load 
. 71 X F = F0  sm — i  
acting along the #-axis, and shown in Fig. 226.4. It is 
obvious from symmetry that half the load is transferred to 
either side of the a;-axis. Thus, using the last expression in 
(213. 14), the following relation between F and the shearing 
force along the plane y = + 0 is obtained: 
i  i  
1 r  . Tix r/d3 ic ds iv \  
2  ) F > " n T d t - D j [ j f + ï * ë ï ) £ 0  < 9 >  
The partial derivatives in this equation can be obtained from 
(8). On substituting in (9) the constant B1 may be obtained. 
The deflection becomes 
w = I
s  1 , 71 y\ --r • 71 x  /m\ 0 1 1 + -T- e 1 sm — (10) 
4  7 Z 3 D \  I  I  
Introducing the principal coefficient W r \  for a strip of width 
t and a load F, the maximum of w |at — I, oj becomes 
Wmax =  Y l  Wr\ ^ .785 y W r i  
The factor n/4 corresponds to Cid, defined in (6). Fig. 226.2 
shows th at  Cid tends  to  a bout  .8  wi th  increas ing l /nt. 
The deflection (10) corresponds to a line load. Section 223 
indicated that a loading qr as in Fig. 226.5 might yield a de-
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flection in better conformity with the strip deflection ivr. This 
load is distributed over a rectangular surface I • t0. The intensity 
of the load is constant in the y direction but varies in the x 
direction as a sine function: 
. nx 
q = q0 s in — 
226.5. Plate of infinite width, sinusoidal load distributed over 
rectangular surface 110. 
Integrating between the limits r ] - 0  a nd r] = t0/2, the deflec­
tion wr  assumes the form 
W r  =  2 J 4lé)(1 + i^)e 1 sin = 
q J'  
71* D 
sm 
The deflection tvr  at y-0 can be integrated from Aivr, the 
effects of load elements acting between the planes y = rj and 
y = r] + A r], Fig. 226.5. The differences A wr  are expressed by 
(10) after substitution of q0  A 7] for F0: 
Aw'=å^(1+:jL)e~~*L sin TaI (11> 
qrt s i n -r̂ ~ 
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Substitution of the maximum value Wr\ of the principal de-
lection for the intensity q  yields 
IV r  = Wfi i  +  ^ ) e ~ £  siD^  = : i e f W r l S i n ? ±  (13) 
The factor Cie, computed for different values of l / n t 0 , is re­
presented graphically in Fig. 226.2. The difference between 
Cid ,  and Cie  f°r  l / n t  =  l /n t 0  expresses the error in the maximum 
d e f l e c t i o n  c a u s e d  b y  u s i n g  s t r i p s  o f  f i n i t e  w i d t h .  " W h e n  l / n t  
exceeds 2, Cid and Cie dif fer from nl4 by less than 9 %. Thus 
the width of the strips and the extension of load in the y 
direction has little influence upon the coefficients Wr\ and the 
d e f l e c t i o n  w r .  
The second derivative of w  with respect to y  can be written 
for y  = 0, cf. (11): 
d 2 w \  I ^  7 c r j \  —  "^r .  nx 
A W i  
=  - ^ D \ X - i ) e  '  s i n T j '  
Integration over the width t 0  yields the curvature 
d2  w\ ^ q01t0  —ijj ti x 
o 21 A  sin — (14) 
d y  J q  4 t i D  I  
The load q 0  is expressed as a function of a principal coef­
ficient Wr n .  Replacing I  by U n,  Eq. (14) assumes the form 
/ d* «A »» t0  ->•!£* n nx n> t„ 
[ d y ' l  i l '  " e  I  P  (  '  
For arbitrary values of l / n t 0 < 6  the factor x e  can be read 
from Fig. 226.3. When l /n t Q  tends to infinity, x e  approaches 
t h e  v a l u e  n s / 4 .  
These results can be applied in correcting series coefficients 
for loaded inside strips, but not for outside strips. To improve 
coefficients for outside strips, consider a semi-infinite rectangular-
plate subjected to a sinusoidal load along the free edge. 
Numbering the loaded strip 0, applying (212.9), (212.10), and 
(212.6), and inserting 
71 
.  mix  .  nnx 
«0 = WOn sm -J- > W1 = W\n Sm —- » • • • 
11 71 X 
q 0  = q sin —— , q l  = q i  = . . .  = O 
an infinite number of linear equations is obtained: 
" On ^ /^ln ^1« ^ Yn " 2« ~ ̂ 0n 
^ On a3» ̂  1 h /•'îu ^2n Yn^Sn ~~ ® 
Yn ̂  On ß~2n ^ In Clin ̂ 2n ß'2n ^3n Yn ̂ in ~ ® 
The constants amn, ßmn and yn are defined in (222.18), (222.20), 
(222.21), (224.7), (52.9), and (52.10). 
Applying the same method as mentioned for solving the 
system (5), the coefficient w0n is obtained: 
»ou-tn yW0» <16> 
In Fig. 226. 6 the factor Çod is represented graphically as a 
function of I/nt. It is dependent on Poisson's ratio v. Curves 
are given for v = 0 and v = 1 / 3. 
The deflection w0 along the free edge can be exactly ex­
pressed by adding to the function wr in (13) a solution w of 
the homogeneous, partial differential equation 
d i  w d 4  w d* iv  _  
dx i  +  ̂  dx* dy2  +  dy i  
As w must vanish for y = oo it can be represented in the form 
w = ^ + C2 ~yje 1 s in "7~ (17) 
Fig. 226.6. Factors Cod) toe> £o dn^ß an(f Coen^/^ as functions y 
o f  l / n t .  D a s h e d  l i n e s  i n d i c a t e  v a l u e s  f o r  l / n t ^ o o .  
The boundary conditions at y = 0 require the partial derivatives 
of the second and third order. These may be determined from 
(13), (14) and (17). 
Substituting the expressions for the derivatives in the 
boundary conditions (212.8), the constants of integration C r  
and C2 in (17) may be computed, yielding 
w = — 1 + v 
(1 — v) (3 + v) 
I2 ld2w\ 
y I Wo — v w. 
1 — v ji y\ —~y~ . t i x 
1 ^ e 1 sm — 
1 + v I / I  
Combined with w this expression gives, for y- 0, the de­
flection 
73 
(tt? + w )0 = 
d- V )  1 + 1 
1 
(18) 
The factor toe corresponding to the approximate factor C o d  i s  a  
function of l /n t0 .  For v = 0 and an infinitely small distribution 
of load in the y direction toe assumes the value 
Fig. 226.6 shows that tod differs little from this quantity, 
even for small values of the fraction l /n t .  Fig. 226.6 also 
shows the relation between the factors l /n t0  and toe f°r  ^ = 0 
and 1 / 3. 
The diagrams of Figs. 226. 2 and 226.6 can be used for 
correcting the series coefficients determined from the equations 
in 222. 
The factors Cd an(l te corresponding to the value of l / n t  
concerned are first determined. For an infinitely wide plate 
the correction is the difference between the values of w r n  
obtained from (13) and from (6). Where this difference can 
be treated as independent of the dimensions of the plate, the 
correction is 
Errors in w r n  arising from the use of finite differences occur 
mainly when the external load acts directly on strip r .  Accord­
ingly, among the factors determining the effects of the various 
principal coefficients W sm upon a coefficient of deflection wrn, 
only the one with s  = r  and m = i i  needs adjustment. 
The finite differences of second order with respect to y can 
be corrected in a similar manner. The first approximation of 
r 10 ) can be formed according to (212. 2) from the uncorrected 
\ 0  y 2 1 r  
C o e  =  C i e  +  *e/3 J i 2  = 1.047 
(19) 
series coefficients w r n :  
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d2  w\ 1 ^ ii  TI x 
#-Y J 2a (Wr + 1, n— 2  Wrn + «V-1, n) Sin —y-
r 
Then a correction, zl 
(15) and added: 
r 
, can be computed from (7) and 
,  I c12  w \ S? x  n 3  ^ tt*-  • w yr a: 
^äpr), —.2, ^ ~ÏF~ rn s l" "T" 
(20) 
The diagrams in Figs. 226.2, 226.3 and 226.6 can also be 
used for changing the width of load in the y direction. Such an 
operation is often required. The width of th e strips is determined 
by the dimensions of the plate and the degree of accuracy 
required. In general, the width of the strips does not coincide 
with the width of the loaded area. 
Assume that the series coefficients of the. deflections are 
determined for strips of width t .  Actually the load is distri­
buted over a rectangular area of width t0. For an infinitely 
wide rectangular plate (0 = 0) loaded on strip r only, the coef­
ficients w r n  are expressed by (6). Deflection coefficients for a 
loaded width tQ  can be exactly determined by means of (13). 
The difference between the exact and approximate coefficients 
is defined as the correction. On the same grounds as men­
tioned previously this correction is also used in treating oblique 
plates of finite dimensions. 
Results obtained for a plate divided into strips of width 
t  can thus be rendered valid for a load of width t0  by adding 
a correction 
W r n  is the principal coefficient for strips of width t .  W°n  is 
the principal coefficient for width t0 .  Eq. (21) shows that (19) 
is applicable if the value of Ce f°r  l /nt0  is taken, and that of 
Ca for l /nt.  These values may be read from Figs. 226.2 
and 226. 6. 
A wrn  =Ce^y- W°n -  f i y W r n  = (J, - U) y (21) 
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The expressions for the second derivative of wr  with respect 
I w \ 
to v can also be modified so as to describe ——5- for a load 
J  \ à y 2 ) r  
of width t0. The quantity in (20) contained in the exact 
solution must then be calculated for the width t0. 
The diagrams in Appendix 56 are drawn for uncorrected 
series coefficients. There would be little point in giving the 
improved values, which hold only for a single width of load. 
Besides, the corrections appearing in the treatment of oblique 
plates can best be computed from the approximate coefficients. 
When the loaded area is smaller than about .2 I in the 
x and y directions, difficulties arise in applying this correction 
method. Many terms must be included in the series in order 
to obtain usable approximations for the moments in the loaded 
strip. Another complication arises if the loaded area can be inscribed 
in a circle with a radius of the same order of magnitude as the thick­
ness h of the plate. Then the fundamental partial differential equa­
tion (211. 6) is vali d only at distances from the centre of t he load 
that are larger than h. The large stresses in the loaded region 
perpendicular to the surface of the plate increase the deforma­
tions. If these are taken into account, larger compressive 
stresses and smaller tensile stresses are obtained than from 
(211. 6), (see NADAI, WOINOWSKY-KRIEGER), but in practice this 
can often be neglected. Swedish bridge specifications require 
that wheel loads be distributed over a width t0 = .6 m. I n such 
a case the ratio l/t0 for a span of 3 m becomes five. A pave­
ment on top of the slab will increase the width of the load 
upon the slab and will reduce the value 5 further. 
The correction method will be applied to the plate treated in 
225. A division of the plate into three strips yields the 
coefficients wrn of (2). The width of the load is assumed to 
be t0 = t = 1/4. The factors Cod and Coe app ly, since an outside 
strip is loaded. The following values are obtained from Fig. 
226. 6. 
llnt = 4 : Qoe = -944, Cod = 1-020 
l/nt= 2 : Qoe = -850, £od = .944 (22) 
l / n t  =  4 / 3  :  Coe = -765, Cod = -835 
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The corrected coefficients won become, according to (19): 
I  V  r \  i  —  
= 
1 16 
.0377 +-(.946— 1.020) 
y/2 
F P  n  _  F T 2   
— -.03od -ö-
.00498 + ̂  (.850 — .944) 
F P  F l 2  
— 00449 -
D D 
.00091 +-(.765- .835) 
4 8 1 \/ 2 
F P  F P  
TT- 00083~D 
(23) 
If the plate is divided into two strips, t  and t 0  would 
not coincide. The factors Cod would in that case be computed 
for l /nt0  = 4/n and Coe f°r  11 nt  = 2 / n .  Fig. 226.6 would give 
l / n t  =  2 : C o d  = -994 
l /nt= 1 : Cod =-738 
l /nt  = 2/3 : Cod = -580 
The values of C o e  would be the same as those given in (22). 
For l / t-  2, the corrected coefficients T'Frw become, according 
to (19), 
I V «  
I V  a  9 — 
.0359 +-(.946 —.994) 
2 ji4 y/ 2 . 
^- 0345^ 
Z) D 
.00398+ (.850 — .738) -
2 714 
Z1/2 n n 1 c . n F P  
__ ,004o6 ^ 
. 00062 + - (.765 — .580) =• 
2  8 1  ti 4  \ J  2 
F P  F P  
- j j  =  . 0 0 0 8 2  i j -
(24) 
The differences between (23) and (24) are smaller than those 
between the original expressions (1) and (2). For n= 1 the 
difference has decreased from 4.9 % to 2.6 %. This reduction 
is obtained for the narrow plate in Fig. 225. 1 in spite of the 
fact that the diagrams for Coe and Cod were computed for plates 
of infinite width. 
227. Consideration of cosine series before neglected 
The sine series for the deflections of different strips are 
not in phase whenever Q =f= 0. Cosine functions then appear 
in the equations for the coefficients tvrn. In 222 these func­
tions were neglected. When & is not small, the neglect of the 
cosine functions yields only rough values. 
The significance of the cosine terms will now be evaluated. 
In (222.5) for strip 0 of a plate divided into two strips, 
q0  increases by A q*, 
1) d4 4(1— v) m2  7i2t2  .  mnx0  
A «„* = -tt W0') = - —— w lm  sin m [a cos —— 
A W* being the principal deflection corresponding to A q0*. 
Multiplication by sin (mjix0ll), integration over the length of 
the strip, and multiplication by /4/w4 tt* t4, results in 
2 I3  r d* „ „ . n Ji xn  7   it <. 
4 ^ m4  sin m /t . 2 TI 
- >, ~T7—2 ^ ßm U '1 m sin2 - (m + n) 
TI n3  (nr — ?r) 2 
m=^n 
as a correction of the principal coefficient Wo n .  Introducing 
the notation 
4 m4 s in m II . . 9 TT 
Cmn ~h ns  (m8 — n2) S 2 
16 w2 sin w a I2 (1 — r) . „ n ... 
3 8/  ô k —yi sm2 — (m + n) (1) 
TI N (m2 — w2) I 2 
for wi n and cmwl = 0 for m = n 
the correction can be expressed in the form: 
A TT Q)i — 2! cmn (t i »i 
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The value of cmn is given for different numbers m and n in 
Appendix 57. 
The cosine terms in the equation for strip 1 can be treated 
in a similar manner as for strip 0. The correction, A W\n*, for 
W\n  becomes: 
A in ~ ^mn^Om 
The corrections A Won* and AWin* are replaced by quanti­
ties A Sn* an d A An*, in the same way as Wn was replaced by 
Sn and An in 222 for the original principal coefficients: 
A Sn* — — (A WXl* + A Won*) - 1 cmn ar 
A An* = - (A Win*- A Won*) = -2 cmn s7 
(2) 
For a plate divided into three strips, the effect of the 




A bon d»in &ovi 
A 5*in — ^ &mn Mom 
A  A  on — (dmn Som @mn ^ l m)  
8 sin 2 m a I1  . n 
dn»= 2 ("'+") 
for m =1= n and dmm = 0 for m = n 
16 m2  sin m /t I2  ( 
ji3 n s (m2—n2) t2\^ 2 m 2  JI2  P)  
for m =j= n and emm = 0 for m - n. 




The factors dmn and emn can  be expressed as simple factors 
given in Appendix 57, times cmn. 
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For a plate divided into five strips, Appendix 52 leads to 
the following expressions 
A ^ on = &mn m 
A ^ \ n = (e»iM #owi drnn dim) 
A n = ( d"mn ®om 4- /m?i ®im) 
^ ou = (  ^JJIH ®lm "J" dmn 2̂wi) 
• 1 -d-m ~ i;> (fimn Som "t" d>nn ®im fmn $2m) 
(6) 
Here the factor / 'mn appears, defined by the equation: 
fmn — a 
16 m2  sin m /t 
1 + 
2 /2  
ev*1  »»»•«•;s in2  2 (m+n)  
for w n and fmm = 0 for m = n 
( < )  
also given in Appendix 57 as a function of C m n .  
Replacing Srn by Srn + A Srn*, and Arn by Arn + AArn*, in 
(222.14) and (222.15), (222.24) and (222.25), or (52.21) and 
(52.22) approximations for the series coefficients srn and arn 
are obtained. The corrected values of srn  and arn  yield new 
corrections of the principal coefficients, and so on until the 
coefficients of major importance have assumed stationary values. 
When the number of series terms and strips is small the un­
known coefficients are obtained directly from the system of 
equations combining s rn, arn  with the principal coefficients. 
The expressions for the factors cmn, dmn, emn and fmn indicate 
that odd coefficients appear only in corrections for even coeffi­
cients and conversely. Moreover, the coefficients s rn  occur only 
in the equations for the principal coefficients A Arn*, and vice 
versa. Thus the relations between srn  and arn  can be gathered 
into two mutually independent systems of equations. 
An example of a computation of series coefficients where 
cosine corrections are taken into account is given in 233. 
80 
Errors arising from neglecting terms in the series for A Wrn* 
are discussed in Appendix 531. 
So far, equations for the series coefficients of the deflections 
have been derived for special boundary conditions. The de­
flections and the curvatures of the strips were assumed to be 
zero at the supports. For a rectangular plate this assumption 
means that the plate is simply supported. 
The centre lines of the strips of an oblique plate are not per-
d? te 
pendicular to the supports. If the second derivatives ——| 
vanish for x r - 0  and x r - l , the bending moments acting along 
the supported edges of the plate need not be zero. In Fig. 
231.1 the 7^-axis of a rectangular coordinate system, Çrj, coin­
cides with a supported edge. At a simple support, £=0, the 
bending moment Mc = 0. Writing # =— & in the first equation 
of the system (213. 11) and substituting for Mx, My and Mxy 
the expressions in Eqs. (213.2), (213.3), and (213.4), Mc is 
obtained: 
23. Simply supported plates 




Fig. 231. 1. Coordinates for expressing boundary conditions. 
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M- = — I )  
/I i i  f )2  f t*  
(v  sin2 0 + cos2 0) —- — 2 (1 — v)  a _ a _ sin 6 cos & + 
+ (sin2 6 + v cos2 Q) 
d-w 
ay* 
( i )  
The partial derivatives can be expressed by the deflections 
w r .  For str ip r  
n 
=  2 n 2 > m  
I  (V w 1 d / -
\dxdy) r  2t  dx 1 w r - \ )  
m TI x r + \  m n xr  _ i  
ivr+\,m COS U'r-l.m COS  (2) 
and 
(J -  iv  
dy 
1 ^ 
t2  — 
^V+i, m sin 
.  m,7 ix r + i  
I 
2 IVrm. Sin 
.  m TI x r  
I  
+ 
+ wr_ i m sin 
m Ti x r_\  
I  
(3) 
The curvature of the strip for x r  -  0 is denoted by A K r (  rO-
-d /Co \d  xr  d x2  
Eqs. (2) and (3) yield, with x r  = 0:  
(d2 rv \  I  d 2  w \ TI ^ 
[dx 2 )  =A K r 0 '  \ lHc~dy) ~0Jl^m (W r +  hm — Wr-hm) COS 171 jU 
id2 w\ 1 , . x • 
\d  y2  )  ~ t 2  m  s m  m  f t  
The boundary condition M*= 0 for x r  = 0 can now be 
written, (1), 
A K,  o =  
sin m a v+ tg26A . 
m 'U^ m~T( J" v  I  ( u ' r  + l ,m W r— 1)OT) (4) 




The boundary condition at x r  = I can also be expressed by 
an equation containing the series coefficients wrn. Denoting 
by A Kri the curvature of the strip at xr=l, and substituting 
for the other second derivatives in (1) according to (2) and (3), 
the following expression is formed: 
. - yr- ti (1 — j') tg 0 -X-, i sin mu v 4- tg2(9\ 
à  Ky i  =  2  > m cos m / < +  —— (w r +  h m  — 
( 1 + v  tg2 6)  11  —  \  mju  1  — v )  
— w r-i tm) cos m n (5) 
The boundary curvatures of an outside strip, 0, depend upon 
the conditions at the free edges. Therefore eqs. (4) and (5) 
cannot be applied without modifications. Eq. (213.8) is valid 
along the free edges and yields a relation between two of the 
second derivatives 
d 2  w d 2  w 
O y 2  3  x 2  
( j  2  q  y  
Substituting this relation for ——^ in (1), the boundary condition 
becomes 
<)2 w 2 tg 6> d2 w = 0  
d  x 2  1  +  v  d x d y  
d2 
The second derivative -—— should be determined by dif-
o  x  d  y  
ferentiating (—— j , (213. 10). The result will contain a third 
\y V I o 
derivative of t v 0  with respect to x 0 .  This function will retard 
the convergence of the deflection series. The slope of the 
elastic surface in the ?/ direction at a distance — t  from the 
J 2 
free edge is: 
0  w \  1 ,7 
_)o«7 (o 
8 3  
Neglecting the small variation of the slope within the region 
0 <y<—t,  Fig. 212.4, the second derivative becomes 
Li 
02 iv \ tz I m ti x1 m ti xr 
m  W i m  cos —: wom cos 
d x d y j 0  t l ^  \  i m ^  I  1 1  I  
Substitution in (6) yields for the curvatures A K00 and A Kot at 
t h e  s u p p o r t s  x 0  =  0  a n d  x Q  =  l:  
7r 2 71 tg Q -w -I 
J A00 = ( 1  + C0S m!x  - wom) (8) 
2 71 tg O 
J  o? = ̂  + ^ >, vn (Wim cos m /t — w0m) cos m ti (9) 
Eqs. (4) and (5), (8) and (9) show that the curvatures A Kr are 
generally not zero for simply supported oblique plates. The second 
derivative with respect to x disappears only for special condi­
tions of loading or at special points of support. 
232. Construction of deflections satisfying the boundary 
conditions 
Functions satisfying the boundary conditions 
,  d 2  w  
'  ' w = iï^ =  0  ( 1 )  
do not generally satisfy (231. 1) but describe the deflection 
of a plate loaded by bending moments along the supports, 
and must be combined with other functions which do not 
satisfy (1). 
It is possible to construct solutions ivr yielding a definite 
curvature K r o  at one support x r  = 0 of a strip r  while K k 0  = 
= K s i  = 0 for all other points of support x s  = 0 ,  I .  According 




X r  3(x r \2  1 lx rV 
T -  2  I T )  + 2 \ T  
(2) 
The second derivative of this expression is K r o  at x r  = 0, and 
zero at x r  = l ,  as required. However, W r  does not satisfy the 
differential equations for the deflections. It has to be replaced 
by a suitable trigonometric series: 
11 71 X r  
W r  = > IVrn Sin 
K 1-
I  
x r  3 /x r \2  l (x r \3  
T " 2  T  + ' 2  T  
n TT Xr TTT \ • T 
+  {™rn — W r n)  S in  — (3) 
This ««v has the curvature Kro at £r  = 0. The principal coeffi­
cient W r n  is obtained from (55. 8): 
IT'm = — 2 K r o  121713 w3 4 (4) 
The other strips, where the second derivatives of the de­
flections ius  are zero at both supports, require only the simple 
expression 
w s  — X iv sn  sin (n t i  x s / I )  (224. 5) 
The first and simpler of the two expressions for w r  given 
in (3) can generally be applied to the differential equations 
for w r  and w s ,  except for the fourth derivative with respect 
to x r  that appears in the differential equation for strip r .  The 
two formulas (3) then yield essentially different values. The 
first formula gives 
d4  IV r  7lX  vi  ,  • U7l  x r  
~j 1  wrn Sin — 
d Xr I  J  I  
and the second 
d^ Wy 71^ .  TTT* .  f l  7C Xf  .  .  
-J—T =  71 n  (w rn — W r n)  Sin —-— (5) 
dxf r  — i 
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The second term within brackets in (5) can be moved to 
the right hand side of the differential equation and treated as 
a known quantity. The system of equations formed by sub­
stituting (3) and (224. 5) in the differential equations of the 
strips is then treated in the same way as the system for trans­
verse loads. 
If the curvature is Kri  at xr = l and zero at xr = 0, the 
principal deflection is, according to (55. 9) and (55. 10), 
The corresponding Fourier coefficients of the deflections can 
be determined in the way described above. 
Outside strips have principal deflections according to (2) or 
(6), and deflections 
which yield 1/(1 — j-2) tim es larger curvatures at the supports 
than the actual values K00 or K0i (second derivative of w0). 
In order to obtain correct values at the supports the principal 
Fourier coefficients must be written in the form: 
This equation is valid when the curvature is K00 at x0 = 0 
1 7 T CP W(\ • and zero at x0 = (. In the case when ——"2 is zero at x0 - 0 
Ct 
and Koi at x0 = I, a n expression for the principal coefficients 
of an outside strip is obtained from (6) after multiplication by 
The general case with arbitrary boundary curvatures corres­
ponds to principal coefficients which are linear combinations 
of the type (55. 8) and (55. 10). By adding deflections valid 
for finite boundary curvatures A Kro and A Kri, it is possible 
to describe the deflection of a plate loaded by bending moments 
distributed in any way along the edges. Such supplementary 
Wr 
Kri P fxr   
6 / 
W01l=-2K00 ( 7 )  
86 
deflections can be used in correcting iv functions satisfying 
the conditions (1). From (4) and (6) the general principal 
coefficient for these supplements becomes 
A W r ir = -  (A Kr o  — A K ri  cos n .-r) (8) 
nA  ji6  
Substituting (231. 4) and (231. 5) for A K ro  and AK ri ,  the supple­
mentary coefficient AWrn** is obtained: 
nr  ** 4(1 — v) I2  I 
A W rn = TTj—— 3 n ,  ,2  >, m fl cos m fl + 
TT (1 + v tg1  6) t* n s  \  
sin m u v + tg2  O \ . „ ti 
+ 1  : (Wr+\;m — Wr-i,m) sin2 - (m+ n) (9) 
m fi 1 — v J 2 
For an outside strip the right hand side members of (8) 
must be multiplied by the factor 1 — v2 ,  in accordance with 
(7). Applying (231.8) and (231.9), the supplementary coeffi­
cient for strip 0 becomes 
2 I2  (1 — v2) 
A W0n* = V Koo - A cos n n) = 
=  o , 2  o  'S- ™ (Wim cos m fl — u-o m) sin2  - (m + n) (10) 
nö  T TI6 Z 
The supplementary coefficients are built up in such a way 
that the coefficients w rn  can be modified for simple supports 
at the same time as for the cosine terms according to 227. 
The coefficients w rn  are approximately determined by the equa­
tions in 222. The sums A W rn* + A Wrn** are determined from 
the approximate values of wo n,  w l n .  .  ., and added to the 
principal coefficients W rn .  Improved values of the deflections 
are determined from the new principal coefficients, and the 
procedure is repeated until a satisfactory result is obtained. 
The series for the supplementary increments A W rn** do not 
converge as rapidly as the approximate series coefficients for 
the deflections. To avoid this disadvantage, the moments at the 
8 7  
supports of the strips will be replaced by another type of 
loading. Fig.  232. 1 a shows the principal defle ction of str ip r,  
having a second derivative Krj at the support j (%r  = 0). The 
rest of the strip is unloaded. The same strip is now uniformly 
loaded, Fig. 232. 1 b, with the intensity qrj over a length 
immediately to the right of the support j. In order to make 
the two cases 
a .  b .  
Fig. *232. 1 a. Strip deflection Fig. 232. 1 b. Strip deflection and 
yielding a linear curvature. curvature caus ed by a un iformly 
distributed loa d at the lef t-hand • 
support. 
of loading nearly equal, q r j-  is chosen so large that the reaction 
at the support k, xr=l, remains unaltered: 
q r j  = — 2DK r j / l>* (11) 
The difference between the forces and moments formed by 
the two cases of loading in Fig. 232. 1 keeps the plate in equili­
brium; it is distributed over a small region near xr  - 0. Accord­
ing to St. Yenant's principle (see Timoshenko 51, 2 p. 33), its 
effect (moments and shearing forces) is negligible at some 
distance from j. In the vicinity of this support j, the difference 
between the curvatures corresponding to the two cases in 
Fig. 232.1 is considerable. How ever, this discrepancy can be 
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adjusted by reverting to the original state of l oading with f inite 
curvatures determined by (11). Only principal deflections need 
be taken into account. 
MARCUS has pointed out that the curvatures derived from an 
exact solution of (211. 6) must be zero at the corners of an oblique 
plate. Moreover, the curvatures are small within a considerable 
region near unloaded corners with acute angles, because the 
plate forms stiff elements across the corner. Using coordinates 
as in Fig. 231. 1, the boundary conditions for the bending mo­
ments result in 
d2  w d2  iv d2  iv d2  iv 
àxs  dy2 d I2 dyf ^ 
This means that the second derivatives of the solutions of 
(211.6) all vanish at the corners. If the plate is divided into 
strips, the third and fourth members in this equation do not 
necessarily vanish. The free edge of th e plate along the support 
is now replaced by a number of separate points. The continua­
tion of the elastic surface outside the plate does not in general 
assume the value zero for x_! = 0. When correcting for this 
discrepancy between the exact results and the values obtained 
by using finite differences, the latter values should be modified 
for the effect of reactions acting along the supported free edge. 
This correction may be calculated by means of an artifice similar 
to the transition from moments to distributed forces illustrated 
in Fig. 232.1. This is another reason why forces instead of 
moments should be used in making the deflection functions 
suitable for simply supported plates. 
The curvature is also zero at an obtuse corner. However the 
effect of the continuous distribution of the point reactions of 
the strips, the "corner effect", is probably localized within a 
small region of the plate. This is also indicated by the experi­
ments, Part. 3. 
The load accounting for the effect of boundary curvatures 
corresponds to a principal deflection with Fourier coefficients 
determined by (211.4) and (55.12) in Appendix 55: 
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A Tiv/* - - J 'l-, 11- — cos 1lfLh) |Z)2 (j Kr0 _ j xri cos n TI) (12) 
This expression differs from the Fourier coefficient for a plate 
with finite curvatures at the supports, (8), by the factor 
, 2 (l \2 / n Ti JA 2 N'2 ( nn\ 
Here the length lx is chosen equal to half the wave-length for 
the sine-function of the highest order, N, included in the series. 
After multiplication by the factor lNn, the supplementary 




J "Wo/* = — 2gmn (wlm cos m p — w0m) 
I J ' m = ^mn (^V +1 ,vi IVr— i, m) 
16 JV2 ( 1 — v) I2 
htn.ir — 9> 
11 71 Omn = —712 n5 ( 1 — COS -jjr ) m /< sin2 - (m + n) (16) N 
2 (1 + v tg2 6) 
cos m u + sin m [x v + tg
2 (9 




The factor gmn for m, n = 1 , 2 , 3  i s  r e p r e s e n t e d  i n  A p p e n d i x  
57 as a function of tu, v and I /1. 
After determination of the coefficients ivrn, the curvatures 
A Kro and A Kri are obtained from (12). This equation yields, for 
n = 1 and n = 2, 
J  Wr"" = — ( j  K + j  Krl) 7lö 
\ 
i 
A W,.r = - (z( K,0 - J Kn) I 
4 71 j 
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The left-hand members of these equations are known. The 
curvatures A KrO and A Kri are  found by solving the system: 
t:3 / A TIV* o A W 
A AyO = — TT* —i + 
4 l~ \  Ayi ^N2 
\ (18) 
n * ( A W r r  A W J  A Krl = — --J — - 8 
•1 I 2  \ X j n  
The factors and differ but slightly from 1 when 
i\7>3. When applied to outside strips, (18) must be modified 
by dividing the right-hand members by the factor 1— v2. 
The computations may be simplified by exchanging the coef­
ficients w rn  for the coefficients srn  and a rn. The expressions 
in (14) and (15) must then be replaced by sums containing 
s m and Clrn • 
A plate subdivided into two strips has no inside strips. The 
supplementary coefficients of (14) become, for r = 0,l: 
A Won" = — Zgmn (Wlm COS 771JU — W0m) J 
A  1 1  1  n  ~  Q m n  ( W i m  0 m  C O S  7 7 1  f x )  |  
Equations (222.13) yield the coefficients A Sn** a nd A A7**: 
ASn** =\{AW,n**+AW0n**) = -Zgmn(l +cos m/t) am \ 
AAn**= ~ (A Win* — A Won*) = — Z Qmn (1 — cos m fl) sr 
(19) 
By adding these to the corrections (227. 2), the total increments 
of the original principal coefficients Sn  and An  are obtained. 
The curvatures A Kvq and A Kr i  are determined from (18) 
after dividing the right-hand members by 1 — v2. Often iV = 3 
in practical computations. Substituting this value in (13) and 
inserting the corresponding lNn in (18) results in 
9 1  
*^~-w£w[A W r r*TA W« 
A K r ï  36(1 — J;") L2 
zJ TY r l"-^-AW r f  
(20) 
When a plate is divided into three strips, the supplementary 
coefficients for the outside strips 0 and 2 are determined by 
(14), and those for strip 1 by (15), introducing the coefficients, 
defined in (222. 12) and (222. 13), 
AS0 )r = Uiw2 )r+Aw0 n**) = ffmn «om 
A S,,.** = A TF,,,** — 2 2 hm n  cio r  
AA0 7r = ̂ (A W2 n»-AW0n") ' — fj inn (&0m S\m  COS ïï l  f i )  
(21) 
With other subscripts, (20) can be used in determining the 
boundary curvatures of the outside strips, and of the inside 
strip,  after omitt ing the factor 1 — v2 .  
For a plate divided into five strips, (14) and (15) give: 
A 1] Qn  = 2j gm n  cos m /.i i t  om) 
A  I I  i n "  "  ^ h mil (^2m ^ Om) 
A TJ 2n — 2 hmn (®3m 1 m) 
A TI 3)j = hmn (W-'4m 11 2m) 
A T I 4ji — 2 Cjmn 11 im COS 7)1 fl) 
v 
The coefficients A Srn** and A Arn** become: 
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A Son * = "•> (A W\n** + /I Wo»") = - («om — «im COS m /t) 
A s l 1 r = - { A w i 1 r - ¥ A w x 1 r ) '  
A = J W: 211 
— hmn Q-Om 
2 2j hmn ci\nl (22) 
A  A o n *  = 2 ^  W * n * *  ~  J  =  ~  2  9 m n  ( s 0 m  —  S  l m  COS m a) 
i A u r = ^ A w 3 n * - A w „ r ) =  — hmn {$om S 2m) 
The curvatures A K r0 and A K ri can be computed as for a 
plate divided into three strips. 
A survey of the total increments of Srn and Arn is given in 
Appendix 57. Some of the equations shown in this section 
are applied to the oblique plate treated in 233. 
The deflections tvr are formed by applying (223. 7), or (223. 8) 
and (223. 9). When using the last two equations only the 
principal deflections of the real transverse loads need be ex­
cluded from the representation in trigonometric series. The 
effect of the fictitious loads qrj indicated in Fig. 232.1 are 
described with satisfactor}^ accuracy by the simple series ex­
pressions. For the second derivatives of the strip deflections 
a correction yielding the real curvatures at the supports may 
be necessary. Then in the vicinity of the supports (but not at 
corners with acute angles) parabolic functions are added. ]n 
Fig. 232. 1 b such a function is illustrated by the area between 
the straight line DC and the curve AC. The parabolic increment 
for strip r at the support j has DC as tangent at C and the or­
dinate Krj at xr  = 0. In general this modification of the curvatures 
need only be made in the vicinity of obtuse corners. A con­
centration of stresses occurs there. The finite curvatures at 
the supports may yield upper limits for normal stresses in the 
xr  direction. 
Errors due to neglected terms in the series for A Wrn** are 
discussed in Appendix 532. There also equations are given 
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for estimating the effect of using the simplified expressions 
(231. 7) for the slope -r—. 
dy 
233. Numerical application 
The method described in 232 will be applied to a simply 
supported oblique plate , Fig. 233.1, with Poissons ratio i' = .336. 
I f  the  pla te  i s  d iv ided in to  three  s t r ips  the  width  ra t io  l / t  
becomes 
l / t  = 2  • 33.68/30.38 = 2.217 
This value falls within the range proposed for practical com­
putations. Inserting the numerical value of the width ratio 
and tg(9=.575 into (532.6) yields a margin of error which 
is only a few percent of the maximum principal coefficient. 
Hence three terms in the series for the deflections should 
suffice. The ratio l/t and 
/< = y tg'0= .815 






Fig. 233.1. Oblique plate, divided into three strips, line load 
1 
F at x ,  
1 2 
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Approximate values of the series coefficients (srn)a and (arn)a 
are obtained from (222.24) and (222.25) for n = 1, 2, 3: 
(5oi)« = -5413 S01 + .2470 Sn  
($n)a = .2470 S01 + .3637 £n 
( r toi)a~ .3656 A0 l  
(.s02)a= .8213 S02 — .0146 S12 ( 
(S12)a = - -0146 S02 + .6412 S12 (1) 
(^02)a~ .7815 A02  
(^03)a =  .9776 $03 .1193 S1 3  
(si3)a = — 1193 S03 + .8 2 43 S13  
(^03)« = -9623 .403 
The increments A Srn and AArn due to the cosine series and 
the simple supporting depend upon the factors dmn, emn, gmn, 
hmn. These factors are computed from formulas assembled in 
Appendix 57 : 
(2) 
d12 = —. .0263 d21 — - .0245 II CO .0005 ^32 ~ — .0156 1 
e12 = - .01023 e21 = 3.230 e23 ~ ~ -.0718 e32 " .3255 J 
V 
g i2 = -0586 9*i = 1.251 ^23 = .0205 ^32 = .1759 
h12= .0417 K = .3136 ^23 ~ .0051 ^32 ~ — .0397 
Substitution of these values in the equations in Appendix 
yields: 
A S01 = A S01* f A S Q2** = - 1.227 a02 
A Srn = A Sn* + A S,** = 2.603 a02 
A A0l= A A01* +A A0l** = — 1.276 s02 — 3.303 s12 
A S02 = — .0323 «01 — .1603 a03 
A S12 = — .1857 a01 + .4049 a03 
A A02 = — .0849 s01 + .1425 sn — .1915 s03 — .4602 s13 
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A So3 = — -0210 a02 
A S 13 — .0820 a02 
A A03 = — .0200 s02 + .0706 sI2 
These increments are added to Srn and Arn and introduced 
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Similar equations can be obtained for a01, s02, s12, a03. The 
unknowns, srn and arn, are solved from (3) directly or by 
successive approximations. The equations can also be written 
in the form (see ZURMÜHL) 
-  s 
a 
Eq. (4) is applicable only if the matrix series is convergent. 
This condition is not satisfied when the width ratio Ift is large. 
It is then necessary to obtain exact expressions for some de­
flection coefficients of lower order as functions of the principal 
coefficients and the deflection coefficients of higher order. The 
latter coefficients may be determined by equations similar to (4). 
For the plate in Fig. 233.1 the convergence of the matrix 
series is satisfactory. Application of multiplication rules to 
cs in (3) yields the terms cn of the series in (4) 
" .0014 — .0023 — .021 .003 .008 
— .0427 .0717 .644 — .096 — .232 
— .0663 .1114 .098 — .150 — .360 
.0007 - .0012 — .011 .002 .004 
.0043 — .0073 — .065 .010 .023 
=  ( 1  +  c  +  c i  +  .  .  . )  (S)a 
(a)a 
(4) 
" .0001 — .0002 — .002 .000 .001 
— .0043 .0070 .063 - .009 - .023 
— .0034 .0057 .010 — .008 — .019 
.0001 - .0001 — .001 .000 .000 
.0003 — .0007 — .006 .001 .002 









.003 .008" (^Ol)a 
— .105 —.253 (5li)a 
— .158 —.380 ( a 02 )a 
1.002 .004 (*03 )a  
.011 1.026_ _(*13 )a_ 
1.0015 —.0025 —.023  (s 0  :)a~(5) 
-.0467 1.0794 .704 
-.0700 .1178 .109 
.0008 —.0013 —.012 
.0046 —.0081 —.072 
A line load F is applied at the centre of the plate. From 
Appendix 55 the following principal coefficients are obtained: 
^0n — -^O/i 0 
0 2 Fl* .  nn _ . r  Fl 2  .  nn ln  =  ~m—i—I sm -^-=.0400 —j si n — Dtj i in i  2 1)  v i  2 
Substitution into (1) yields: 
(s 0 l ) a  = .01121 FP/D 
(sn)a = .01656 Fl2/D 
(s 0 3 ) a  = . 000067  Fl2 /D 
(s 1 3 ) a  = - .000461 F I2 /B 
The other coefficients are zero. 
These values are substituted into (5): 
s 0 l  = .01121 F I2 ID 
s n  = .01744 Fl*/D 
a02 = .00133 Fi2/D (6) 
503 = .000052 F I2 ID 
s 1 3  = - .000553 F I 2  ID 
The improved coefficients for n=l differ but slightly from the 
approximate ones. 
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The coefficients s ln  may also be adjusted with respect to 
the width of load t0=l/4. The factors and hie may be 
evaluated from Fig. 226.2: 
l/t = 2.217: hid = .855 
1/3 t = .739: hid 3 t/1 = .835 hid — .618 
l/t0 = 4: hie = .768 
1/3 t0 = 4/3: (sie = .682 
1/5 t0 — 4/5: hie t0/l = .722 hie ~ .578 
i/it0 = 4/7: hie t0/l = .841 hie — .480 
1/ 9 t0 = 4/9: hie tjl = .917 hie — .407 
Applying (226.21) the following improved coefficients are 
obtained: 
sn= .01744 + (.768 — .855) 
0.0455 Fl2 Fl2 
IT-01565 TT 
Fl2 FP 
— = — .000600-^-
( 7 )  
2.217 
r 0.0455 
s l t  = - .000553 - (.682 - .618)^^ 
5iö = -578 • 5 $15/2.217 = .724 5 
517  = .480 • 7 S17/2.217 = .841 S{( 7 
s19 = .407 • 9 SJ2.217 = .915 6'% 
The symbols £7« with the superscript 0 indicate principal 
coefficients for l/t = l/t0= 4. The coefficients s ln tend to 
with increasing n. Hence the contribution of terms of higher 
order becomes small when tux is expressed by (223. 8). 
The function w0 is determined by forming simple sine series 
with the coefficients given in (6): 
ic0 = (.1121 sin ti xjl— .0133 sin 2 n xjl + 
+ .00052 sin 3 JI xjl) F l2/10 D (8) 
For the deflection w1 of the central strip the adjusted coef­
ficients in (7) are used: 
99 
ii\ = (.1565 sin n  x jl  — .0060 sin 3 JI  x x / l  +  
+ .00095  s in  h  J I  x j l )  FPj \0  D (9) 
The deflection of strip 2 can be derived from (8) by changing 
the signs before terms with even n and substituting 2 for 0 
as subscripts. 
If the second derivatives of the deflections are also to be 
determined, the function w1 should be expressed by (223.8). 
According to (55.3) in Appendix 55 the principal deflection 
Wj for l/t = 4 is 
W,= 3 Xj 1 / Xj 
8  T~ 2 \ T  
[  x ,  
+ , i  
F I s   
6  t 0 D 
1 x 1  1  x 1  
4  I  3 W r  
+ 3 w 
FP 
IT  
where ^' = 0 for x 1  < - and x^  = x 1  — ^ l  for x^^ l .  The cor­
responding principal coefficients are: 
W l t  = 2  F  I s /n*  t 0 D= .08213  FP/D 
W 1 3  = -  2 F I s /81  1 0  D = -  .00101  FP/D 
W 1 6  = + .000131  FP/D 
Wu = — .000034 F PID 
Inserting these values in (223.8) an expression is obtained 
for w! : 
w,  = 1  x l  1  Ix .V  2 l x , '  
4  1  1 Î  \ 7  )  +  3\ T  .06648 sin ^ + i  
+ .00041 sm 
3 JI x 1  
I  
.000036 sin 
O 71 X 
/ 
.000005 sin 




The second derivative of this function is 
< P  n \  
d  x j 2  
x ,  X i  7 i  x .  3  j z  x ,  
2 -j-—4 -y—.656 sm —-—h .036 sin —^— 
v i  i  v  
5 71  X ,  „  .  i  T l X y  
— .009 sm —-—- + . 002 sin 
I  I  
F  
T) ( i i )  
The second derivative with respect to y can be determined 
for y=t, Fig. 233.1, by applying (231.3). The result, modified 
for the actual width of loading, becomes: 
d i i v \  t i  x ,  2 t i x ,  ^  _ . ? > 7 i x ,  
—- = — .121 sin —r-i —.013 cos —-,—- + .01/ sin —-— 
\ d  y  J \  \  I  I  I  
. 5 TI x ,  \  F  
— .003 sm 1 
I  D  
Combining this expression with (11) the moments M x \  and 
Myi can be computed according to (213.2) and (213.3). Their 
distribution along the a>axis is shown in Fig. (233.2). Fig. 
(233.2) also shows the moment Mxo computed from (213.9). 
. 1  . 2  . 3  . U  . 5  . 6  . 7  . 8  . 9  x r / i  
.0 
. 1  
. 2  
. 3  
. U  
M/F 
Fig. 233. 2. Oblique plate, line load F at the centre, & = 29.9°. 
Moments Mx0, Mxl and Myl for a division into three strips, l/t = 2.22. 
The same moments obtained for a division into five strips are indicated 
by dashed curves 
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The curvatures at the supports are determined by the supple­
mentary coefficients ASrn** and A Arn**. Substitution into 
(232. 21) yields: 
A S01** = - g2l a02 = - .00166 F P/D 
ASn** = — 2/i21 «02 = — .00083 F I2ID 
A A02 = Q M (^oi cos fi) g32 (^03 513 CO S 3 ̂ a) = 
= .000106 FPJD 
With these values the curvatures become, according to 
(232. 20): 
86(1-.886») * -00166 -f a°00106) T)-0267 T) 
A K0i = .0050 — 
F 
D 
A K10 = A Kxl = ^ 0.00083 = .0071 
ob 1) 
(12) 
The curvature " \ is a maximum for x , =  —  l \  
d x /  1  2  
d2 iv 
d x 2 
= .297 F I D  
The boundary curvatures given in (12) are small compared 
with this value. They are taken into account in Fig. (233. 2) 
by drawing parabolic curves in the vicinity of the edges as 
proposed in 232. AVhen the concentrated force acts on an 
outside strip the second derivative with respect to x can be 
large at the boundaries, especially at corners with obtuse angles. 
An example of this is shown in Fig. 333. 3, part 3, where the 
curvatures illustrated are due to a concentrated load at the 
mid-point of strip 0. 
The method has also been applied to a rhombic plate with 
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Q = 45°, v = 0 and a concentrated force acting at the centre. 
The moments M1} M2 according to (213.13) are in good agree­
ment with experimental results published by FAURE—SCHUMANN. 
234. Influence surfaces 
Any effect of parallel loads of arbitrary positions upon 
a beam can be determined by an "influence line". This curve 
defines a diagram from which the effect of a unit load 
is taken as the ordinate at the point of loading. Such a 
diagram, illustrating a certain "influence function", can be used 
for an arbitrary system of loads, provided the action of one of 
the forces included in the system is independent of the other 
forces, and that the quantity measured is linearly dependent of 
the loads. The total effect is then obtained by measuring the 
ordinates for the different points of l oading and adding the results 
after multiplication by the magnitude of the forces. 
The requisite conditions for the use of infl uence functions are 
satisfied for elastic plates with small deflections. However, in 
this case the position of the loads cannot be fixed by a single 
coordinate. The effect of the load is not measured as the ordi­
nate under a line but as the distance between the point of a sur­
face, the "influence surface", and a zero plane. For loads uni­
formly distributed over a region A of the zero plane the effect 
is obtained by multiplying the intensity of load by the part of 
the volume under the influence surface that is bounded by the 
ordinates for the contour line of A. 
Different ways of representing the influence surface can be 
applied. According to the methods used by PUCHER and BITTNER, 
the effect of transverse loads may be illustrated by a group of 
curves drawn within the contour of the plate. If a load moves 
along one of these curves the quantity determined by the influ­
ence surface remains constant. The curves indicate different 
levels of th e influence surface. The constant quantities are chosen 
to be even multiples of a simple number. The effect of concen­
trated and uniformly distributed loads is then easy to obtain. 
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Ordinates for points of loading situated between the contour 
curves are computed by interpolation. 
Another method better suited for the use of strips is to de­
scribe the influence surface by its curves of intersection with 
equidistant planes perpendicular to the zero-plane. Assume that 
these planes coincide with the free edges and the middle planes 
of the inside strips. Then, if the coefficients wrn are computed, 
expressions can be formed for the deflections caused by a con­
centrated load F= 1 of arbitrary position. For a given pointy 
of strip r the function ivr  constructed in this way determines 
the influence surface for the deflection at the point mentioned. 
The distance x s  = l l f  Appendix 55, serves as independent variable. 
Influence lines for moments and shearing forces are obtained 
by forming the corresponding differential expressions for the 
deflections. 
The effect of loads applied on the centre lines of the strips 
are determined directly by measuring the ordinates under the 
curves at the points of loading. If the points of loading are 
situated between the centre lines, the influence ordinates are 
computed by interpolation. 
If loads of different widths t0 emerge, the "influence lines" 
can be drawn without considering the corrections treated in 226. 
These corrections a re made afterwards. 
The determination of influenc e surfaces by difference methods 
may be simplified by a method given by NEWMARK. The in­
fluence ordinates are sums of products of constants Ci and 
deflections iVi at certain points P^. These deflections or iginate 
from a unit load applied at an arbitrary point P 0 and are equal 
to the deflectien at P0 caused by unit loads applied at the points 
. P t. Hence the influence surface coincides with the elastic surface 
for forces Ci tv i acting at the points Pi. 
The method can in some cases be applied to plates divided into 
strips. The influence lines of the deflection at a point P; conforms to 
the deflections wr for a unit load acting at P;. 
The determination of influence lines of moments is somewhat 





The deflections w r  +  \ ,iv r  and w r_\ in (1) are obtained as the 
deflections caused by unit loads at xr  +  -L = a — t tg 0,xr  = a and 
3V_i = a + t tg 0. The second derivative is the limit of the diffe­
rence of second order of wr  with respect to xr  when /Intends 
to zero. Applying NEWMARK'S method this difference, caused by 
a unit load at P0, is substituted by the deflection at P0 caused 
by three forces, 1 / (A xr)2, — 2 / (A xr)2, 1 / (A xrf. The first and 
third of these forces are applied at a distance A xr  from the 
resultant, which acts through xr  = a. The corresponding principal 
deflection for an infinitely small A xr  is: 
This series is more slowly convergent than the one adopted in 
Appendix 531 and 532 for estimation of the errors due to the 
omission of series terms. In fact, the principal deflection of (2) 
does not yield suitable expressions for the second derivative of 
ivr. This derivative is therefore determined in the usual way by 
differentiating the deflection wr  caused by a unit load at an 
arbitrary point of strip s. The principal coefficients in this case 
are taken from (55.4) in Appendix 55: 
Introducing the deflection coefficients (wrm)sn corresponding 
to a principal coefficient Wsn = 1, the deflection iur  can be written 
2 I s  1 m 71 
wr = "TT n ^ Ti ^ (wrm)sn Sin j 
n* 11J J n —•i i  
n m 
The second derivative with respect to x r  at x r  = a is: 
% 
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d2 w 7 
d x r l  
21 
21D w 
m2 (wrm)sn sin 
m 71 x r  sm 
n TI x s   
~ï~ 
( i )  
Altering the order of summation (4) yields the usual series form 
for the second derivative of a deflection w r. If terms are neglected 
in this series the errors can be restricted according to equations 
in Appendix 531 and 532. 
When the unit load is applied on strip r, a more rapidly 
converging expression is obtained by removing the principal 
deflection from the series as proposed in 223: 
d2  ivr  
d x r 2  
a\ xr  x r  
, " T T " T  
+ 
21 
U l )  
1 .  n  i t  a  
— sin 
rr I 
- 4 ̂  m2 (wrm)sn sin 
m Ti a  
~T~ 




If the unit load is carried by an outside strip, (4) and (5) 
should be multiplied by 2. 
Influence functions for the moments M y  and M x y  can be 
obtained as described for Mx. The twisting moment given in 
(213. 7) involves first derivatives of the deflections. These 
derivatives are obtained by differentiating (3) with r replaced 
by r + 1, r—1. When the unit load is applied on the strip 
where Mxy acts, the convergence may be improved by excluding 
the slope of the principal deflection from the trigonometric series. 
The method will be applied to a plate with Poissons ratio 
v = 0, Fig. 234.1. The angle (9 = 45°. The plate is divided 
i n t o  f i v e  s t r i p s ;  l i t  = 3 .  
Approximate expressions for s t n  and a r n  are taken from the 
diagrams in Appendix 563. The adjusted coefficients computed 
by considering the corrections A Wrn and A Arn for n= 1, 2, 3, 
Appendix 57, are given in Tab. 234. 1. Three accurate figures 
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The influence functions for the bending moment (Mxo)i/2 at 
the mid-point, P, of a free edge is required. The coefficients 
(nWm)sn are  then determined by applying the equation 
"'om — ^om 
and the values of Table '234. 1 : 
O';oi)oi = .231, ("'01)02 = .239, ("01)03 = — .097 
("'03)01 = — .002, (^03)02 = .024, ("03)03 = .761 
(«01)11 = .088, (?t70l) 12 = .857, ("'01)13 = .089 
(^03)11 = .001, ("^3)12 = .059, ("^3)13 = — .228 
("''01)2 1 = .009, KI)M = 0, (^01)23 = .083 
("'03)21 ~ .001, ("*03)22 = 0, ("'03)23 = .007 
("01)31 = .010, ("*01)32 = .012, ("01)33 = - .018 
("'03)31 = .000, ("*03)32 = .001, (^0.3)33 ~ .002 
("01)41 = .001, ("01)42 = ~~ 015, ("01)43 = -.001 
("03)41 — .000, ("03)42 = .000, (" 03)43 -— .001 
Substitution of these coefficients in (4), (5), (1) yields. 
multiplication by 2 (outside strip): 
F on strip 0: (Mxo)u2 = 3 ~ — 6 ̂ —0.948 sin -j- + 
^ . 2 ti x . 3 ti x 
+ 0.002 sm —- 1-0.038 sin —-— 
t V 
TT CC 71 0C 
F on strip 1: (-Mx0) j/2 = 0.117 sin -j-+ 0.105 sin + 
i i 
n . 3 ti x 
+ 0.032 sin —-— 
i 
7t OC 
F on strip 2: (MX Q)u2 = — 0.001 sin — 
108 
71 X ~  . 2  ZT X 
F on strip 3: (Mxo)u2 = 0.012 sin '-^ — 0.001 sin —— 
i t 
F on strip 4: (Mx0)u2 = 0.001 sin '^ — 0.001 sin " 71 x 
t  t  
The coefficients (ivom)on in these equations have been corrected 
for the width of load t0 = l/ 3. The influence lines are re­
presented graphically in Fig. 235. 1. 
Fig. 234.1. Plate with G  = 45e  divided into five s trips. Influence 
l i n e s  f o r  b e n d i n g  m o m e n t  M X Q  a t  x 0 = l / 2 .  
235. The effect of displacements of the supports 
If a plate is simply supported along two parallel edges and 
these are moved parallel to each other, no additional forces are 
transmitted to the plate. On the other hand, if the supports 
are twisted relative to each other, the plate will be subjected 
to reactive forces. The latter case will be examined here. 
109 
Consider a plate, Fig. 235.1, where the supports have been 
given a small rotation around the median line AB of the plate. 
Fig. 235. 1. Plate with supports rotated round the centre line (AB). 
The angle of rotation 
where ô is the displacement of the acute corner s. At the obtuse 
corners the displacement has the same numerical value, but is 
of opposite sign. 
The deflections of the strips cannot be described by pure 
sine series. Some supplementary terms, w r, must be added in 
order to give the right values of the displacements at the 
supports. These supplements are assumed to be linear functions 
of the coordinates xr. All derivatives of w r  of higher order 
than the first are then zero. 
For a plate divided into two strips the deflections of strip 0 
are expressed in the form 
# = 2 d/b (1) 
Yl ~j X 
iv q = Zw on sin '  0 + w0 (2) 
where 
w0 = (l—2:r0 /l)ô 
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For strip 1 the deflection n\ is written 
iu1 = Itvln sin + Wl (3) 
with 
Wj = — (1 — 2 x t / l )  ô  
On substituting the expressions in (2) and (3) for w 0  and w x  in 
(212.12) the linear terms disappear. The displacement <5 has no 
effect on the series coefficients ivon and W\n when the boundary 
conditions are those treated in 22. The linear terms affect the 
slopes of the elastic surface, and accordingly the supplementary 
coefficients A Sr n** and A A r n** as well. When deriving the 
boundary conditions for simply supported plates in 231, ex­
pressions were determined for the partial second derivatives of 
w. An additional term corresponding to the functions wr, 
/ t?2 w \ . . / (?2 i v  \  
I-——J , must be added to the expression obtained for I- — , 
\ o  x  o  y  ] 0  \0  x  0  y ) 0  
d 2  w \ 1 Id  w, d w0\ 4 ô 
Ô  x  d y )  o  t  \ d x  i  d x 0  J  I t  
The same increment is obtained for the second derivative at y  =  t .  
à2 w 
Substituting the total expression for the derivative — 
o  x o y  
in (231.6), the curvatures at the boundaries, A K00 and A K0 i ,  
may be obtained : 
* T7- 2 71 tg" 0 " "̂1 / $ i tg 0 
A K00 = 1in , v J* m (Wlm cos mju  — w 0 m) + , (5 
I t  ( 1 + V)  —J t  (  1 + >' )  
.  - j - r  2 l  7 T  tg 0 
d &o i  = ~TjT7~i r > m (Wim cos m a  — w 0 m )  cos m a  + 
i t  (1  +  v )  ' 
+ T(\—)& 
The last term on the right hand side of th ese equations indicates 
the effect of the displacements of the supports. It has the same 
magnitude for A K 0 0  and A K 0 i .  
I l l  
The supplementary coefficients A Wrn** are obtained by in­
troducing the above expressions for the curvatures in (232. 12): 
^ Won** = — - 9mn (»im COS m fl — Wom) sin 2  ^ (fll + Ti) — 
3 2 l ô ( l — v ) t g  6  X N n  s i n 2  —  
ti'a t n3  
(4) 
A WXn** = — I(Jmn (wlm — wom cos m /<) sin2  ^ (»» + n) — 
32,1 6(1 — r) tg© Ay» sin2  • 
7i3  £ n3  
The corresponding coefficients J and A A,** are obtained by 
halving the sum and difference of these expressions. The dis­
placement (5 only appears in the coefficients A Sn**, an d there 
in the same position as in (4). The terms containing r5 do not 
include any unknown quantities, and in fact form the known 
part of the principal coefficients. Thus srn and arn can be de­
termined in the usual way for the principal coefficients: 
32 l ô ( 1 — j') tg (-) /. vu  sin2  
-4»=0 
The finite curvatures at the supports are computed from 
(232.18). The bending and twisting moments are obtained by 
differentiating expressions for the deflections according to (223.9), 
supplemented by the functions w r. These functions only affect 
the twisting moments Mxy, for which an increment Mxy is obtained : 
d2  w 4 D M X y  =  D(  1  - „ ) — _ =  _ ( 1  
à x d y It 
v )  
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When treating continuous plates and frames, the slopes 
—^ at the supports are of interest. They are obtained by 
if OCf 
differentiating (2) and (3) and substituting :rr  = 0 and xr=l. 
The accuracy of the expressions determined in this way can 
be improved as shown in 241. 
Formulas valid for plates divided into three or five strips 
are derived in a similar way to that described for plates divided 
into two strips. For details reference may be made to Appendix 
54. The final results are given here. 
For a plate divided into three strips the usual sine series 
for the deflections w0, u\ and w2 are supplemented by the 
functions 
w0 = ( l  — 2x0/l)d 
w t  = 0 (5) 
w2 = — (1 — 2 x%/l) ô 
As for two strips, the effect of a small displacement of the 
supports is expressed by certain principal coefficients: 
^ou _ 
^n = -
^0n ~ 0 





16 l ô tg (-) 
7l3 t 
sm' 
( 1 — v) ÅNn — 2 
X Nu 
n n t 
+ 2 
(1 + v tg2 O) cos2 & \n7l t 
l 
(6) 
together with the functions w r. 
The curvatures J Kro and A Kri may be obtained by sub­
stituting (54.2) and (54.3) in (232.18) or (232.20). 
Division into five strips requires the addition of the following 
functions to the usual trigonometric series for the deflections: 
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w0 = (l — 2aro/0<5 
w, =-(1—2 x j l ) å  
w, = O 
w3 = — g (i - 2 * 3 / l ) ô  
w4 = — (1 — 2 x j l ) å  
(7) 
The principal coefficients become 
. - n TI 
81 ô tg& Sln "2" 
0 n  ti3  t  n a  
*1» = 
^2» -
. W7I ci n 4 
8Z<5tg(9 2 
7 Ï 3  t  W  
(1 — >') XNn — 2 W  7 Ï  t  
(1 + v tg2 0) cos2 6> \ n j i t  
l  
.  9 n j i  
s i ô t s S  Sln""2~ 
Ji31 ri6 (1 +r tg2 0 )  cos2 & 
^0n  '  A in -  0 
(8) 
The curvatures A  K r o  and A  K r i  are determined for the 
supplementary coefficients in (54.5). 
24. Continuous plates 
241. Slopes at the supports 
The treatment of continuous plates requires expressions for 
the slopes at the supports. A notation and formulas are given 
for slopes of a plate resting on two parallel supports j (xr - 0) 
and h (xr-l), Fig. 241.1. 
If the plate is simply supported, a transverse load gives rise 
to a slope, (Prj, of strip r at j. The symbol <P is used in the 
following for slopes at the support xr=0 of the plate under 
8 
114 
- 9 >  sk k 
k 
Fig. 241.1. Boundary slopes caused by unit moments M r j  —  land 
consideration. The first subscript indicates the order number of the 
strip, the second that of the support. The superscript denotes 
that  the  s lope  i s  va l id  for  a  s imply  suppor ted  pla te .  F or  x r = l  
the slopes are denoted by W combined with subscripts and 
superscripts as for 0. Thus the symbol W?j indic ates the slope 
of  s t r ip  r  at  the  suppor t  j ,  x r  =  I .  
A moment M c r j  =  Mr j = l  is applied at { j  r ) ,  the support^' of 
strip r. This unit moment gives rise to the slope yj% in a simply 
supported plate, situated to the left of j . A plate to the right 
of  j  would hav e had the  s lope  qf f j .  The  subscr ip ts  of  c p  and xp  
indicate the position of the slope, the superscripts that of the 
moment. The slopes at (s k) corresponding to M rj= 1, for instance, 
are denoted by (psi and ipsl, Fig. 241.1. 
The slopes due to transverse loads upon plates with the 
boundary conditions (232.1) can generally be determined without 
difficulty from simple expressions by means of (223. 7). Diffe­
rentiating with respect to x r  and putting xr  = 0 and xr-l, the 
slopes at the supports are obtained in the form 
(1) 
n  wr n  cos n  n  
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Eqs. (1) yield slowly converging series for slopes corresponding 
to finite curvatures at the boundaries. The convergence is im­
proved by introducing the loads qrj defined by (232.11). Results 
obtained in this way should be modified for the parabolic correc­
tions of the curvatures treated in 232. The curvature of strip 
. / d2 wr\ . . 
r is ——— at j, xr = 0, Fig. 241.2. The second derivative of th e 
\ cl X , • J 0 
Fig. 241.2. Diagram of strip curvatures due to a boundary moment 
(line DCB) and to load qrj (curve ACB). 
principal deflection is linear and represented by the straight 
line DB. For the substitute load, which is uniformly distributed 
between the points xr — 0 and xr = lx = ljiV, the curvature is 
represented by the curve ACB. As formerly, N indicates the 
highest order number appearing in the series for the deflections. 
The difference between the ordinates of the two diagrams DB 
and ACB defines a surface, ADC, bounded by straight 
lines and a parabola. After changing sign it can be treated 
as a fictitious load, (see TIMOSHENKO—YOUNG), appl ied to strip 
r. The corresponding shearing force represents the slope of 
the deflection curve. Thus for xr - 0 the slope is 
A°rj 3^(1 4Ar)(dv)o 4 jv)(Är0 + JZr0) (2> 
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which is to be added to the slope &rj determined from the first 
of Eqs. (1). An increment to the slope Wrj at the support h 
also emerges, but it is small and can in general be omitted. 
The boundary curvature in (2) must also include the increment 
A Kr0 expressed by (232. 18). 
/ XVf\ 
For a finite curvature —^ at k, the increment A of 
\ (J xr J v 
the slope xFrk be comes: 
4 ̂ =JX 1- (S)r é - ït) <ä"-<+J (3) 
The slopes (p and xp are connected with moments Mc = 1 acting 
on planes at an angle 0 with the y axis, Fig. 231. 1. The boundary 
curvatures determining the slopes are therefore not obtained simply 
by multiplying by (— 1 /D). The desired relation is obtained 
from (231.1). Introducing the unit moment M%rj= Mrj = 1 this 
equation yields: 
1= — D (v sin2 0 + cos2 0) (Kr0 + A Kr0) — 
2 ( 1 — v) { d 11 \ sin 0 cos 0 + (sin2 0 + 
\ d x d y j r  
+VC0S'.e)(i^ 
If the deflection is obtained as shown in 232, the corresponding 
. d2 iv , d2 iv 
curvature A Kr0 neutralizes terms including -——and -—x. o x o  y  d y  
This implies that Kr0 can be computed from the expression 
Kr  o — D (v sin2 6) +cos2 0) 
(4) 
The slopes due to the action of a unit moment Mrj = 1 are 
thus determined in the following way. The finite curvature 
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Kr0 at xr = 0, (rj) is computed from (4). It defines a principal 
deflection which can be determined together with its Fourier 
coefficients from Appendix 55. The series coefficients s rn  and 
a rn  are then obtained in the usual way for a simply supported 
plate. Determining the corresponding coefficients w r n ,  the 
slopes cprJk and xprJk are found from (1). The increments A cprl 
and A ipri  are computed from (232.18), (2) and (3). 
For larger numbers of strips the number of angles cp and ip 
corresponding to different positions of M become large. The 
computations may be shortened by considering the symmetry 
properties of the plate. If the slopes corresponding to moments 
acting at one support, j ,  are determined, the slopes corresponding 
to moments along the other support, 1c, are also known. Take 
e.g. the case when a bending moment M rj  = 1 acts on the plate 
shown in Fig. 241.1. The slopes at the supports (s j) and 
(s 1c) of strip s are then cp ri  and \j) rJk .  Among the other strips 
the one with the order number r is situated at the same 
distance from the median line AB of the plate as strip r. In 
the same way, strip s' is at the same distance from AB as 
strip s. Assume now that another unit moment M r<]C = 1 were 
acting instead of the moment M r j-. The corresponding slopes 
cp's ' ,j and xp's'j are  shown in Fig. 241. 1. From symmetry the 
following relations are then obvious: 
The effect of different unit moments is easy to survey if 
the slopes are tabulated as shown in Table 241. 1. The points 
of application, (rj),  of the unit moments are written in the 
first and last columns. The corresponding slopes are found in 
the row determined by (rj).  The relations (5) have been ap plied 
for slopes corresponding to moments at k. Subscripts and 
superscripts indicating the order number of the supports are 
omitted. 
(5) 
VrÄ = -<PrJj I 
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Table 241. 1 
Plate divided into three strips and subjected to unit moments at the 
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242. The moment equations 
Two plates I and II are assumed to be stiffly connected 
along a support j, Fig. 242. 1. They are divided into the same 
number of strips. External loads produce slopes which must 
sa t i s fy  cond i t ion s  o f  con t inu i ty  a t  the  suppor t  j .  
The deformations due to the same transverse load can be 
determined by the methods proposed in 241, provided the plates 
are simply supported. 
However, the slopes W °j of plate I along j ,  do not as a 
rule coincide with those of plate II, 0°j. The condition of 
continuity can be satisfied by introducing boundary moments. 
The slope arising from a moment M Si at the support i  is 
M si • ipsJj. The moments MSj affect both plates, giving rise to 
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Fig. 242. 1. Boundary slopes of continuous plate. 
slopes of magnitude M and Mgi cps\. The effect of a 
moment Mgk at the support k becomes Mgk • P. If the action 
of all moments is accounted for, the condition of continuity 
at (rj) becomes 
= K - K - f M,i rj+f (<$ - vg)+ 
The equation is simplified by introducing the angular de­
viations Xrj between the strips r of adjacent plates, 
O y j  W r j  = X y j  (2) 
If these quantities are assigned the same subscripts and super­
scripts as those used for the slopes cp and y>, substitution in 
(1) yields: 
X ° .  +  I (M . vsi. + M . ysî + M , vsk) = 0 (3) rj ^ \ si Arj 8j Arj sk Arj ) v 7 
an equation reminiscent of the equation of three moments for 
continuous beams. If the relation (3) is written for all the 
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points (r  j )  at the continuous supports the number of equations 
available coincides with the number of unknown quantities, 
and a solution can be obtained for the boundary moments. 
When the number of equations is large, the following solu­
tion by successive approximation may be preferable. The angular 
deviations X°j due to the external loads, 
X°j= 0 Î J - X Ï J  
are determined, together with the deviations due to unit 
boundary moments. A first approximation for the moments is 
obtained from (3) by taking into consideration only the trans­
verse loads and the boundary moment M1 .  acting at (rj) ,  the 
point for which the condition of continuity is to be established: 
X ° .  +  M l .  i r i  —  0 (4) rj  r j  ' -r j  V > 
The moments Mbeing determined, the corresponding angular 
deviations X r j  can be computed from the equations 
X  .  =  X1 .  =  ( M l .  y * \  +  M l .  y ' j .  + M 7 y sH) (5) rj  r j  \  si ' -r j  s j '>rj  sk'-r jJ  v  '  
The sum of all angular deviations is now put equal to zero 
by multiplying the moments by a factor, k: 
(6> 
Corrections k  • A  M 1 .  for the moments k  M l .  are obtained bv rj  r j  J 
applying (4) with X\ replaced by X\ + k X 1^.:  
J c A M l . =  ( X ° .  +  k X i ) / x r j -  ( 7 )  r j  \  rj  r jJ  '  *r j  v  '  
Eq. (5) yields improved values of the angular deviations X r /  
if Mlrj is replaced by 7c + A Mlr.). Then a new value of 1c 
may be determined from (6), and so on till the unknowns are 
evaluated with the desired accuracy. 
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The equations of continuity can be applied to plates for which 
the flexural rigidity D is only constant between adjacent supports,, 
changing its magnitude abruptly at the edges. In such cases the 
variability of D should be observed by computing the coeffi­
cients wrn and the curvatures Kro and K,i from (241.4). 
For frames the conditions of continuity are more complicated 
than for continuous plates. This is due to the fact that in ge­
neral plates forming a frame have different oblique angles 0. 
The vertical members of the frame in Fig. 25. 1, for example, 
Fig. 25. 1. Strip r of plates I, II and III in an oblique frame. 
are rectangular plates. The horizontal part may be an oblique 
plate. The linear joints between the walls I, III and the slab 
II will be called joints for short. 
The joints are first assumed to be fixed. Introducing the 
same symbols as in 242, the resulting slopes of plate I, Fig. 
242. 1, at joint 2 can then be written: 
The slopes <Pr2 of the horizontal plate II at the support 
2 become: 
24. Frames 
V« =Wr2 + 2{MaXrp» + Ma2y>«) (1> 
<pr2 = 
(K-2 + 1 {MS2 <PSrl + M,3 O (2> 
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The slopes of plate I are valid for deflections in planes 
perpendicular to the joint 2. The slopes cPy2 of plate II, 
however, are determined from deflections in planes parallel to 
the free edges. These slopes are referred to a direction at an 
angle 0 to planes normal to the joint 2. The slope of plate I 
in the corresponding direction is times cos 6. This expression 
must be equal to <Z>,°.2 whereupon application of (1) and (2) 
gives 
— W°2 cos e + <p°r2 + Z[— Msl tp*}2 cos & + Ms2 (— yjf2 cos 6 + <p*22) + 
+ MslV»} = 0 (3) 
Let the following symbols be introduced: 
Xy 2  = — lPr2 COS Q + (Pr2 
XSr2 = ~ WSr2 C 0 S  0  
(4) 
XSrl = — Vr2 C0S 0 + CP'r2 
X% = <P% 
After substitution of these quantities in (3) the following equa­
tion emerges: 
X°2 + 21 (I, xf-2 + M S2 41 + M s3 41)  = 0 <5) 
coinciding with (242. 3) for continuous plates. Equations of this 
type can also be established for the joint 3. At the joints 1 and 
4 the conditions are the same as those for continuous plates. 
The solution of the equations for the boundary moments can 
proceed as described in 242. 
If the joints are displaced, the moments are altered, and 
results obtained by (5) must be modified. Some cases of practical 
interest are treated in this paper. 
To begin with, joints 2 and 3 are assumed to be movable in 
the horizontal direction while joints 1 and 4 remain fixed. For 
a given loading, the displacements ô, Fig. 25.2, are so large 
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Q2+ Q arf-
Fig. 25. 2, Slopes and reactions of a frame with horizontal 
displacement ô of the upper joints (2 and 3). 
that the difference between the reactions Q2 and Q3 of the 
plates I and III at fixed joints 2 and 3 is neutralized. The 
total moments are thus determined by adding the effect of a 
horizontal displacement to the moments obtained from (5). 
The reactions $2 an(l $3 can be computed if the moments 
M r j  at 1, 2, 3 and 4 are known. The equilibrium of plate I 
requires: 
h n 
h |_2 ~ L I 2^01 — ̂ 02 
R—1 
+ R\ — -^«2) + ^ (M r i Mrz) 
1 
+ Ql (6) 
where is the effect of possible transverse loads on plate I 
and R + 1 the number of strips. The reaction Q 3  is obtained 
in the same way by exchanging subscripts: 
<23 = Ö (-^04— -^03 + MRi  — MR3) + 2 (M r i  — M r3) 
^ 1 
+ QI (?) 
A displacement ô of the joints 2 and 3 of the plates I and 
II would produce the angular deviations X% and X° r 3  if the 
iplates were not rigidly connected to plate II, 
= x% = - ô/h XU = XI, = ô/h 
The moments at the joints can be computed by inserting angles 
as known quantities in (5). These moments are denoted by the 
product niyj-ô, where m r j  is the moment corresponding to a 
unit displacement. 
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The reactions Q2s and Q3$ corres ponding to the displacement 
ô are obtained by application of (ö) and (7). Thus 
Substitution of th e expressions for the reactions yields an equa­
tion for the displacement <5. After <5 has been computed, the 
total boundary moments are obtained as the sum Mrj + m,7- (3 
where Mrj are the moments determined for the frame with 
fixed joints. 
Deformations corresponding to a relative horizontal displace­
ment of the joints 1 and 4 of a simple frame are indicated in 
Fig. 25. 3. 
Fig. 25. 3. Slopes due to a change ô of th e distance between 
the supports (1 and 4) of a frame. 
If the plates I, II and III were simply supported at the joints-
the angular deviations at 1 and 4 would be 
The resulting horizontal reactions must be zero: 
Qz ^2 Qld Q20= 0 
6 
— ~V° _  A. r  l  — A. r i  — \»!h 
and at 2 and 3 
xu = x%--±»iu 
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They are compensated for by applying boundary moments 
obtained from equations of type (5). 
The joints of a frame can be moved by the kind of displace­
ments treated in 236. Suppose the vertical members of the 
frame are twisted an angle # relative to each other about the 
«entre line AB of p late II, Fig. 236. 1. For the simply supported 
plate II, the slopes at joints 2 and 3 can be derived from de­
flections obtained as shown in 236. The corresponding angular 
deviations X°2 and X£3 emerge from (4). Substituting these 
into the equations of continuity (5), the resulting equations can 
be solved for the boundary moments. 
Another case implies that the joints 1 and 4 are twisted 
relative to each other about vertical axes which intersect the 
respective joints. The known angular deviations are then linearly 
dependent on the distance ym from the mid-point of th e supports. 
The angular deviations become for 1 and 4 
-X°i = = - ù y ml h 
where & is the angle of rotation, and for 2 and 3 
X?2 = X?.3 = —-^ftym/h 
The corresponding boundary moments may be obtained from 
(5) as in the other cases. 
The theory here described also can be extended to frames 
with several spans. However, this problem is left to future 
investigations. 
3. Experimental part 
31. Purpose and planning of the experiments 
The theory evolved in this paper is founded upon the differ­
ential equation (211.6) for thin plates with small deflections. 
Exact solutions of t his equation yield in general fairly accurate 
deformations. The introduction of differences and finite tri­
gonometric series causes inaccuracies in the results. Upper 
bounds are given in 224, 531 and 532 for the effect of some 
sources of error. However, it has not been possible, for general 
cases, to deduce exact expressions for the inaccuracy arising 
from the use of strips of finite width, cf. 226. The boundary 
conditions for simply supported plates were satisfied in an 
approximate way, cf. 23. This causes errors which have not 
been investigated. The difficulties in calculating the errors of 
approximate theoretical computations make a comparison with 
experimental data desirable. 
In order to do this, model plates of various relative dimen­
sions were tested for different kinds of loading. The models, 
cut out from plates of ordinary mild steel, were supported 
along two parallel edges. 
First a rectangular plate, Plate I, was tested for a line load 
acting in the plane of symmetry parallel to the supports. The 
magnitude of the experimental errors was measured. The in­
fluence of irregularities in the plate was observed. 
Afterwards three oblique plates, Plates II—1Y, were tested. 
Concentrated loads were placed successively at the centres of 
the free boundaries and at the centres of the plates. Such 
loads, combined in different ways, roughly reproduce most 
cases of practical interest. 
In cases where the obliquity 0 of the plate was equal to 
or greater than 45°, the effect of a force at a free edge at 
a distance Z/4 fro m an obtuse corner was also investigated. 
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Deflections and strains were measured at various points re­
gularly spaced with respect to the centre of the model plate. 
The flexural rigidities, D, of the model plates were computed 
f r o m  ( 2 1 1 . 3 )  b y  i n s e r t i n g  n u m e r i c a l  v a l u e s  o f  t h e  t h i c k n e s s  h ,  
the modulus of elasticity, E, and Poissons ratio, v. The de­
flections and strains were then calculated for the given values 
of l/t and S. The experimental and theoretical values are pre­
sented diagrammatically. The results are discussed in 34. 
• 
32. Determination of the elastic constants and 
dimensions of the plates 
The moduli of elasticity were determined by observing the 
resonance frequency of vibrating rods with known dimensions, 
cut out from the same1 materials as those used lor the plates. 
For the lowest of the resonance frequencies, f b ,  the following 
equation connecting f& with the modulus of elasticity is valid 
(see TIMOSHENKO, 28): 
i? = 64 / /V2 / 4/l-8752 g  d 2  (1) 
Here y  = the mass per unit volume, 
g  -  the acceleration due to gravity, 
I = the length of the rod 
and cZ = the diameter of the circular section of the rod. 
The oscillations were excited magnetically, by means of a 
solenoid fed from an audio-frequency oscillator. Near resonance 
the vibrations were audible. The frequency corresponding to 
the maximum intensity was determined six times, and could 
be found with good accuracy. 
When determining the length I of the rod a certain amount, 
A I, should be added to the distance from the free end to the 
surface of the support. The support was not perfectly rigid 
and to some extent took part in the vibrations. The increment 
A I wa s taken equal to one third of the diameter d of the rod. 
The rectangular plate and one of the oblique plates were 
made from the same material, denoted by the letter "a". The 
material of the other plates was given the notation "b". The 
moduli of elasticity computed from (1) are introduced in Tab. 
32.1. The errors included are dominated by the uncertainty 
of the estimation of A I. For the bar with the largest sectional 
area the value A I = .4 d was obtained by determining and 
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equating E for different lengths I .  Assuming a maximum 
•deviation of .2 d from the value of I introduced in (1) the 
maximum error A E of the modulus of elasticity becomes 
d E  
A E = .2d — = .8d E/ l  (2) 
For material a,  Z -26.1 cm and d = .720 cm : 
.720 
AE=.8T^- 1 E=.022E 
Practically the same estimate was obtained for the maximum 
•erro r  of  E for  mater ia l  b.  
Tab.  É2.  1  
The modulus of elasticity, E,  Poissons ratio, v ,  and the 
flexural rigidity, D, of the model plates. 
Plate nr Material E kp/cm2 V D kpcm 
I a 2.12 .30 1.49 
II b 2.10 .34 1.12 
III a 2.12 •3o 1.45 
IV b 2.10 .34 1.82 
Multiplier ,108 • 106 
Poisson's ratio was computed from the equation 
G = E/2(l+v)  (3) 
where G is the modulus of shear. A rod with circular section 
•of diameter d was clamped at one end and at the other end 
attached to a mass with the equatorial moment of inertia Ip. 
When given a slight twist and released the rod performed 
torsional vibrations of fre quency ft, connected with the modulus 
of shear by the equation (see TIMOSHENKO, 28) 
G = 128 Tift21 Iv!g d4 (4) 
Here I denotes the length of the rod. Eq. (4) is only valid 
when Ip is much larger than the equatorial moment of inertia 
of the rod. This was the case in the experiments. 
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The error in v is chiefly determined by the increment of I, 
Al, due to the motion of the support. For A I - .2 d the cor­
responding change of Poisson's ratio, A v, is 
A  v  =  . 2  -  8  ( 1  +  v ) j  
u  c t  t  
Substituting the values of I  and d  for materials a  and b  an 
error of 9 % is obtained. The inaccuracy of v is of small 
importance as regards the flexural rigidity D, as seen from 
(211. 3). 
Variations in the thickness h of the plate were more im­
portant. The thickness was obtained as the mean of measure­
ments at 10 different points. The distribution of these points 
was chosen to correspond approximately to the deflection curve 
of a uniformly loaded beam simply supported at the same edges 
as the plate. The largest variations of h appearad for plate II, 
where the range (difference between the highest and the lowest 
values) was 4.2 % of the mean. For plates I, III and IV the 
range was 2.2, 1.4 and 1.3 %. The errors in the lengths and 
widths of the plates could be neglected compared to these 
deviations. 
33. Experiments with the model plates 
331. General arrangements 
During the experiments the plates rested on a frame of cast 
iron, designed for earlier model tests (see BRINK, SVENSSON, 
and THOREN), Fig. 331. 1. The reactions of the plates were 
transferred to the upper, plane surfaces of the frame by two 
parallel cylinders (a), Fig. 331.2. Forces acting upwards were 
taken Up by twro other equidistant cylinders (b) from which 
the reactions were transferred to the frame via covering plates 
(c) a nd bolts. 
The loads were exerted by a hydraulic jack causing com­
pression between the plate and a beam (cl) connected with 
the frame. 
The magnitude of the loads was determined by an instrument 
for measurement of compressive forces designed by C. E. JO­
HANSSON, Eskilstuna. Two spherical bearings, (EX) a nd (E2), were 
9 
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Fig. 331.1. Testing apparatus 
Fig. 331.2. Schematic section of loading apparatus and 
supporting frame. 
1 3 1  
inserted above and below the instrument to obtain centric 
action of forces. 
The deflections were determined by dial gauges placed be­
tween the model plate and the bottom (/*) of the frame. The 
strains at the surface of the plates were measured by strain 
gauges connected via a switch-box to a AVheatstone bridge 
(Philips GM 4571). The strains were read directly in 0/00. 
Temperature effects were compensated by a gauge with constant 
strain connected to the bridge. 
The effect of strains in the direction perpendicular to that 
of the tested strains never exceeded 1 % and was therefore 
neglected. 
Before performing the tests the plates were submitted four 
times to forces 25 % greater than those applied during the 
tests. No permanent deformations were observed. 
332. Plate I (rectangular) 
The tests with the rectangular plate were performed in order 
to obtain an idea of the accuracy which could be expected in 
the other experiments. The experimental errors could be re­
duced arbitrarily by repeating the tests. However, the accuracy 
of the results would not be increased by making the experi­
mental errors smaller than errors originating from inaccuracies 
of the plates. These, consisting in variability of the thickness 
h and initial curvatures of the plates could not be disregarded. 
Their effect upon the results determined the appropriate 
number of tests for every case of loading. 
The plate was subjected to a line load, Fig. 332. 1. The 
distribution of the force from the jack was accomplished by 
inserting a system of sma ll beams between the loading apparatus 
and the plate. The deflections were measured at four points, 
1—4, situated symmetrically with respect to the centre of the 
plate. 
These deflections would have been equal for a perfectly 
homogeneous plate of accurate dimensions and a perfect ad­
justment of the load. 
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The dial gauges were read for a small load. The load then 
was increased by a force between 300 and 500 kp. The four 
deflectiohs were observed. The plunger of the jack w7as rotated 
some 90°. Then the deflections w7ere read once more. The 
orientation was assumed to influence the magnitude but not 
the location of the load. Two new orientations of the plunger 
differing by some 90°, yielded four new pairs of deflections. 
The load was then reduced to the original amount and the 
corresponding deflections read. The deflections at a particular 
point caused by the change of load were obtained by sub-
b a 
Fig. 332.1. a. Load applied to rectangular plate, Plate I, 
b. Arrangement for obtaining line load. 
tracting the mean of t he two observations made for the original 
load from the deflections read with the larger load applied. 
The test was repeated four times. The results were trans­
formed to a load of 1000 kp by dividing with the observed 
load, expressed in kp, Tab. 332.1. 
An analysis of variance is given in Appendix 581. The 
analysis shows that the errors of measuring and locating the 
load are more important than other errors included in an 
observed deflection. Smaller experimental errors do not, in 
this case, yield better possibilities of estimating the errors of 
the theory. The "between points" component in the variance 
analysis is larger than estimated variances of other error com­
ponents. Thus the differences between the deflection means 
at points 1—4 were comparatively large. The constant errors 
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of the dial gauges being negligible, these differences are chiefly 
due to inaccuracies of the model plates, the influence of which 
could not be diminished by improving the measuring methods. 
On the other hand Figs. 226.2 and 226.3 reveal relative dif­
ferences between exact and approximate theoretical values which 
are considerably larger than the deviations of the deflection 
means, at points 1—4 from the grand mean. The plate was 
therefore sufficiently accurate for the purpose of the experi­
ments, a conclusion which was assumed to apply to other model 
plates also. 
Tab. 332.1 
Plate I carrying a line load Q = 1000 kp. Deflections in mm 
at points 1—4 during four different experiments (tests 1—4) and 





1 2 3 4 
1 3.53 3.52 3.49 3.48 
1 2 3.52 3.54 3.50 3.54 
3 3.60 3.57 3.57 3.59 
4 3.56 3.56 3.47 3.52 3.535 
1 3.46 3.47 3.44 3.43 












1 3.50 3.46 3.43 3.37 
3 
2 3.46 3.46 3.46 3.45 
3 3.41 3.39 3.45 3.44 
4 3.34 3.37 3.32 3.35 3.416 
1 3.55 3.52 3.49 3.42 
4 2 3.50 3.48 3.46 3.47 
3 3.49 3.45 3.49 3.53 
4 3.39 3.39 3.33 3.37 3.458 
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The value of the flexural rigidity of Plate I given in Tab. 
32. 1 can now be verified. This is possible by applying the 
theoretic expression for the deflection at points 1—4. The 
general equations for the deflection iv of a plate with curbs 
along the unsupported edges is (TIMOSHENKO 40): 
W  =  z x  +  
where 
! (O 
^ ,1717111 „ m mi . 7 mjiy\ . nuix 
ZI = Ü COS ~T~+ ~T~SM I SM ~~T~ 
Tab. 332.2 
Plate I carrying a line load Q = 1000 kp. Strains ex in 0/00 at 




1 2 3 4 
1 .860 .876 .866 .860 .866 
2 .851 .867 .860 .840 .856 
3 .811 .810 .832 .844 .824 
4 .846 .840 .854 .810 .838 
Grand mean = .846 
• 
The position of the coordinate system is shown in Fig. 
332.1. The arbitrary constants Bm and Cm can be determined 
from the boundary conditions and the type of loading. Putting 
2  Q  I s  1 . M n  m  TI x  
<2> 
and the flexural rigidity of the curbs along the unsupported 
edges equal to zero the following expressions for the constants 
are obtained: 
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B»i  = 
2 Ol *  .  m  t i  v  ( I + v )  sin h ,  — v  (1 — v)  l m  cos h  X 1  
sin  
b  I )  7 i x  m4 2 (3 + v)( l  — v )  sm f l  *-m cos h  l m — (1— v )*  X t  
< m ; (3) 
2 Q I 3  .  m  n  v  ( 1 — v )  sin //, ),r  
sin 
bD m4 2 (3 + r) (1 — v )  sin Ii Â m  cos h  l m  — (I — v)2 A. 
where 
= - m ti 6// 
Substituting in (1) and putting x  =  l /4, y  = — Z>/2 t he deflection 
at 1, 2, 3, 4 is obtained: 
Wz/4, 5/2 = 16.07 Q P 10-V& (4) 
The dimensions of the plate were 
? = 39.82 cm 
b = 19.49 „ 
h = 9.16 
Substitution of the values of l ,  b ,  Q  and the grand mean 
w = .348 cm in (4) yields the flexural rigidity 
39 83 
D = 16.07 = 1.49 • 105 
.348(19.49) 
This value coincides well with that given in Tab. 32.1. The 
result does not reveal any effect of initial curvature of the 
plate. 
The flexural rigidity is obtained in a simpler way by applying 
the methods of part 2 in this paper. If the plate is divided 
into three strips the width ratio l/t = 39.82 • 2/12.49 = 4.09. The 
principal coefficients are 
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s m ^ = W h l  = W2n 
Substitution into (222.24) and (222.23) yields: 
With ?<;0=.348 c m the flexural rigidity becomes 
B = .0330 • .348 • 39.822 103/.348 = 1.50 • 105 
The points 1, 2, 3, 4 also were investigated with respect to 
the strains EX .  These were determined by strain gauges attached 
to the lower surface of the plate. The observations were made 
at four different applications of the line load Q. The strains 
were measured only once for every load as the tests on the 
deflections had not revealed any effect from the orientation 
of the jack plunger. The differences between mean strains at 
different points are considerable, Appendix 582. 
The theoretic expression for w given in (1) combined with 
(2), (3), can be used for determining the strains at the points 
1, 2, 3, 4. Differentiating iv twice with respect to x and sub­
stituting x = l/4, ?/=.448b (centre of strain gauge), the strain 
ex is obtained by applying (213. 1): 
With Q = 1000 kp and the dimensions of the plate and the 
value of I) given in Tab. 32. 1 the strain becomes 
= .138 • 39.8 • 10-2 • .916/1.49 • 19.49 • 2 = .867 • 10"3 
This falls within the range of the experimental values of Tab. 
332.2. An approximate expression for ex obtained by differ­
entiating (223. 9) is 
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Q I h 
2  D t  
9 r 
+ ̂ [-014 + 
( 1 1 
(8(1—.09)+ti2 
-s 1.123 
1 \ 1 
-09 j \J~2 
- + 
9 (1 - .09) y _ \ = .853 • 10-3 
333. Plate II (0 = 29°) 
The dimensions of the plate, Fig. 333. 1, were: 
1= 33.7 cm 
b = 30.4 „ 
h = .829 „ 
0 = 29.0° 
3 ^ 5> 
f I L I I 
_ A _ _ 4 _ . 4 , 4 _ 
Fig. 333. 1. Plate II, dimensions and measuring points. 
The plate was loaded at three points, 3, 8, 13, along a line 
through the centre of the plate and parallel to the supports. 
The results, transformed to the load F- 100 kp, are plotted 
in Tabs. 333. 1 and 333. 2. The real loads varied between 500 
and 700 kp. The experiments were repeated for every position 
of th e load: for symmetrical loads twice and^for unsymmetrical 
loads once. 
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The deflections were determined at the points 2, 3, 4, 7, 8, 
9, 12, 13, 14. The positions of these points were arranged 
symmetrically with respect to the centre of the plate. Hence, 
if the load F were applied at 3 for instance, the deflection at 
point 2 of a plate of accurate shape should be the same as the 
deflection a t 14 if F were applied at 13. From symmetry, the 
deflections at 2 and 14 should be equal if F were* applied at 
the centre, 8, of the plate. Using these properties of symmetry, 
two, six or four values respectively were obtained for every 
deflection. Such sets of values are grouped horizontally in 
Tables 333.1 and 333.2. 
The accuracy of the mean for every deflection was estimated 
by computing the confidence limits, ± L, corresponding to a 
confidence coefficient .95, Appendix 583. If the difference be­
tween two means obtained for deflections of the same theoretical 
value exceeds 2 i it is statistically significant. 
The means are shown graphically in Figs. 333. 2 and 333. 3. 
The length 2 L is drawn from the a:n-axis along the ordinate 
of the point concerned. For points xn where the mean square 
* o / l  7 5  x 0 / l  
w 0  ( m m )  
. 2 5  . 5 0  . 7 5  x - i / l  
w-i (m m) 
. 2 5  . 5 0  . 7 5  X i / l  
C x i *  1 0  3  
Fig. 333.2. Plate II, concentrated load F = 1Ü0 kp at the centre. 
Theoretical curves for outside strip 0 and central strip 1, together 
with experimental points. Confidence intervals 2 L for the means are 
indicated by vertical lines from the projections on the x-axis. 
a. Deflections wr, l/t0= 12 
J}. S trains £x, l/t0 = 12 
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7 5  x 0 / i  
w0 ( m m ) 
. 2 5  . 5 0  . 7 5  x 0 / i  
L 
1 
• 7 5  x , / l  . 2 5  . 5 0  •  7 5  x ,  / 1  
^  
T r— * 1 
w 1  ( m m )  
. 2 5  
.0 
. 1  
. 5  0  
~* 
e x 1 - i o J  
. 7 5  x 2 / i  . 2 5  
- .1  
. 5 0  . 7 5  x 2 / i  
Wj(mm) 
.0 
. 1  
1 • 
h  
Ê X 2  * 1 0 "  
Fig. 333.3. Plate II, concentrated load F = 100 kp at centre of a 
free edge, strip 0. Theoretical curves for strips 0, 1 and 2 together 
with experimental points. Confidence intervals 2 L for the means are 
indicated by vertical lines from the projections on the rr-axis. 
a. Deflections wr, l/t0  = 2.22 
b. Strains ex, l/t0  = G 
Tab. 333.1 
Plate II carrying a transverse load i^=100 kp at point 8, 













































































8 .177 .177 .172 .175 .141 .143 — .142 
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for "within points" by chance becomes zero, the largest L 
belonging to any adjacent point is used. 
The deflections were computed theoretically by dividing the 
plate into three strips and using the value of D given in 
Tab. 32.1. The theoretical values were corrected for the ex­
perimental width of load, t0. The result is shown in Figs. 
333.2 and 333.3. 
Tab. 333. 2 
Plate II carrying a transverse load F - 100 kp at point 3 (13), 
Fig. 333. 1. Experimental values of deflections (mm) and 


















































































































































The strains were measured at the same points as the deflec­
tions. By using a triple strain gauge at the centre of the plate 
the strain ey in the direction perpendicular to the free edges 
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could be determined there. The strains in the vicinity of the 
corners were investigated by strain gauges of a shorter length. 
Values of s x are given in Tabs. 333. 2 and 333. 3 for different 
test loadings. In some cases the smaller gauges at the corners 
of the plate yielded incomplete series of values. These are not 
included in the tables, though they are used in the graphical 
representation. The mean strains at every point are shown in 
diagrams, Figs. 333.2 and 333.3. The length 2 L is drawn from 
the #M-axis a s described for the deflections. 
Strains in the vicinity of co ncentrated loads vary rapidly with 
the distance from the load. The measuring length of th e gauges 
therefore affects the results in such regions. A horizontal line 
below the curves for strains of l oaded strips indicates this length. 
The curves in Figs. 333.2b and 333. 3b were obtained theoret­
ically by a division into three strips. 
The strains ey determined experimentally and theoretically at 
point 8 are given in Tab. 333. 3 
Tab. 333.3 
Plate II carrying a transverse load _F=100 kp at points 8 
and 3 (13). Experimental and theoretical values of the strains 
Ey (0/00) at point 8, Fig. 333. 1 
Load, at Test 1 Test 2 Mean Theoretical value 
8 .080 .085 .083 .088 
3 -.017 -.015 -.016 
-.010 
13 -.019 -.018 -.019 
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334. Plate III (0 = 45.0°) 
In contrast to the plate treated in 333 plate III was relatively-
narrow. This appears from Fig. 334.1 and the following data: 
I = 57.12 cm 
b = 19.49 
h = .908 
0= 45.0° 
h 1 L I I 
V 
* U 
Fig. 334.1. Plate III, dimensions and measuring points. 
The deformations were investigated for concentrated load& 
acting at the centre of the plate and at the centres of the free 
edges. The angle 0 being large, it was of particular interest to 
investigate the effect of forces near the corners. For this 
reason the effect of a force applied at point 4 was also t reated. 
The variation of the thickness h appeared to be of less im­
portance for plate III than for plate II. The accuracy of the 
experimental results might therefore be increased by increasing 
the number of tests. The strain measurements were repeated 
three times for every position of the load. The experimental 
results, transformed to be valid for the load F = 100 kp, are 
given in Tabs. 334.1, 334.2 and 334.3. The real values of F 
varied between 450 and 550 kp. 
The standard deviations of the means are computed in the 
same way as for plate II. They are represented graphically 
by vertical lines in Figs. 334. 2, 334. 3 and 334. 4. The measuring 











w ^ 2  ( m m )  
Fig. 334.2. Plate III, concentrated load F = 100 kp at the centre. 
Theoretical deflections for outside strip and centre line, together with 
experimental points, l/t0 = 6. Confidence intervals 2 L for the means 
are indicated by vertical lines from the projections on the rr-axis. 
25 .50 .75 X0/L 
. 0  
.5 
w0(mm) 
.25 .50 .75 *i/l 
w1 (m m) 







. - •? 
E X o - 1 0  
.25 .50 .75 *i/l 
^ =~~ i 
. - —^ 
Cxi "10 •  i n 3  
Fig. 334. 3. Plate III, concentrated load F - 100 kp at the centre of 
the free edge of strip 0. Theoretical curves for strips 0 and 1 
together with experimental points. Confidence intervals 2 L for the 
means are indicated by vertical lines from the projections on the a;-ax is. 
a. Deflections i v r ,  l / t 0  =  10. 
b. Strains Ex,  l / t 0  =  10. 
% 
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Fig. 334.4. Plate III, concentrated load F = 100 kp at x0  = 3 1/4, strip 0. 
Theoretical curves for strips 0 and 1 together with experimental 
points. Confidence intervals 2 L for the means are indicated by 
vertical lines from the projections on the X-axis. 
a. Deflections w r,  l/tQ = 10. 
b. Strains ex, l/t0  = 6. 
.25 .50 .75 x0/l 
.25 .50 .75 *i/l 






Plate III carrying a transverse load F= 100 kp at point 8, 
Fig. 334.2. Experimental values of deflections (mm). 
Point 
w 
Test 1 Test 2 Mean 
2 .32 .33 .33 
14 .34 .34 .34 
3 .61 .62 .62 
13 .63 .63 .63 
4 .52 .54 .53 
12 .55 .55 .55 
7 .37 .38 .38 
9 .38 .38 .38 
» .61 .62 .62 
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The width of load t0  used in theoretical computations of the 
strains was madei^/10. This limit was chosen in order to avoid 
slowly converging series. In cases when the experimental value 
of t 0 was smaller then 1/10 the experimental and theoretical strains 
describe slightly different loadings. However, this can only cause 
small deviations in the vicinity of the load. 
The theoretical curves in Figs. 334.2, 334.3 and 334.4 have 
been determined for a division of the plate into two strips. The 
width ratio then becomes l/t = 2.93, smaller than the maximum 
value 4 proposed for practical computations. An accurate value 
of the central deflection of the plate is not obtained by using 
only two strips. However, the deflection wn2 along the centre 
line parallel with the free edges can be estimated by interpo­
lation. Fig. 334.2 shows the deflections computed by substituting 
for a load F at the centre two forces Fj2 acting on strips 0 
and 1 at a line through the centre of the plate and perpendic­
ular to the free edges. The deflection Wv2 is obtained by taking 
the mean of and iv l  for the same values of xn .  
Tab. 334.2 
Plate III carrying a transverse load F = 100 kp at point 3(13) 
Fig. 334.3. Experimental values of deflections (mm) and strains 
(0/00). 
Point 
Load w Zx  
at Test 1 Test 2 Mean Test l Test 2 Test 3 Mean 
2 3 .72 .71 .72 .052 .057 .057 .055 
14 13 .74 .75 .75 .068 .066 .067 .066 
3 3 1.23 1.16 1.20 .293 .321 .327 .314 
13 13 1.19 1.21 1 20 .342 .344 .345 .344 
4 3 .73 .71 .72 .067 .072 .076 .072 
12 13 .75 .75 .75 .062 .061 .061 .061 
12 3 .36 .34 .35 1.08 1.20 1.22 1.51 
4 13 .35 .34 .35 1.18 1.15 1.17 1.51 
13 3 .29 .28 .29 .023 .027 .028 .026 
3 13 .29 .29 .29 .019 .019 .021 .020 
14 3 .11 .10 .11 -.025 -.027 -.028 -.027 




Plate III carrying a transverse load ^=100 kp at point 4 (12), 
Fig. 334. 4. Experimental values of deflections (mm) and 
strains (0/00). 
Point 
Load w e X 
at Test 1 Test 2 Mean Test 1 Test 2 Test 3 Mean 
2 4 .34 .36 .35 .012 .012 .015 .013 
14 12 .38 .39 .39 .009 .008 .009 .009 
3 4 .64 .68 .66 .075 .072 .077 .075 
13 12 .69 .71 .70 .067 .068 .067 .067 
4 4 .62 .65 .64 .236 .235 .236 .236 
12 12 .68 .70 .69 .237 .237 .238 .237 
12 4 .31 .32 .32 .086 .085 .087 .0S6 
4 12 .31 .31 .31 .080 .081 .081 .081 
13 4 .33 .35 .34 .064 .065 .060 .065 
3 12 .34 .35 .35 .068 .070 .069 .069 
14 4 .16 .17 .17 -.009 -.009 -.007 -.008 
2 12 .17 .16 .17 -.005 -.004 -.004 -.004 
335. Plate IV 
This model plate was an example of an extremely oblique 
plate. At the angle chosen the width b was bounded by the 
maximum supporting length obtainable in the frame used in the 
experiments. The dimensions, were 
I = 79.58 cm 
b =13.29 „ 
h = .974 „ 
e = 59.4° 
335. 1. Plate IV, dimensions and measuring points. 
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The flexural rigidity I) is stated in Tab. 32.1. 
Only deflections were investigated. The positions of the 
measuring points are shown in Fig. 335. 1. The same loading 
arrangements were studied as those investigated for Plate III. 
Two tests were performed for every position of the load F. 
The observations, transformed to be valid for the load 100 kp, 
are shown in Tabs. 335.1, 335.2 and 335.3. During the ex­
periments F varied between 260 kp and 320 kp. The irregu­
larities of the plate in general had a significant influence upon 
the deflections. 
The theoretical computations were performed by dividing the 
plate into two strips. The narrowness of the plate yielded a 
large width ratio (l/t = 5.99) eve n for this simple division. This 
implies that many terms ought to be included in the deflection 
series. Nevertheless, terms of higher order than three were 
neglected in order to find out if this simple method of computa­
tion could yield statisfactory results. For all loadings correc­
tions were made to an infinite width ratio l/t0. 
The deflections are shown graphically in Figs. 335. 2, 335. 3 
and 335.4. The experimental values are presented there as 
for plate III. 
Tab. 335.1 
Plate IV carrying a transverse load ,F=100 kp at point 5, 
Fig. 335. 1. Experimental values of deflections (mm). 
Point 
w 
Test 1 Test 2 Mean 
1 .61 .61 .61 
9 .51 .50 .51 
2 1.34 1.33 1.34 
8 1.23 1.22 1.22 
3 1.19 1.17 1.18 
7 1.12 1.11 1.12 
4 .77 .77 .77 
6 .75 .74 .75 
5 1.39 1.38 1.39 
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Tab. 335. 2 
Plate IY carrying a transverse load F = 100 kp at point 2 (8 ), 
Fig. 335.2. Experimental values of deflections w (mm). 
Point Load at 
IV 
Test 1 Test 2 Mean 
1 2 1.34 1.37 1.36 
9 8 1.18 1.21 1.20 
2 2 2.19 2.20 2.20 
8 8 2.03 2.09 2.06 
3 2 1.31 1.32 1.32 
7 8 1.17 1.20 1.19 
7 2 .91 .92 .92 
3 8 .90 .92 .91 
8 2 .49 .48 .49 
2 8 .50 .50 .50 
9 2 —. 08 — .08 - .08 
1 8 —. 01 — .0 1 — .01 
Tab. 335.3 
Plate 1Y carrying a transverse load JP=100 kp at point 3 (7), 
Fig. 335. 3. Experimental values of deflections w (mm). 
Point Load at 
IV 
Test 1 Test 2 Mean 
1 3 .59 .60 .60 
9 7 .48 .48 •48 
2 3 1.19 1.20 1.20 
8 7 1.04 1.03 1.03 
3 3 1.22 1.23 1.23 
7 7 1.10 1.09 1.09 
7 3 .76 .77 .77 
3 7 .76 .75 .75 
8 3 .89 .88 .89 
2 7 .91 .89 .90 
9 3 .30 .29 .29 
1 7 .37 .36 .37 
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. 2 5  . 5 0  . 7 5  x 0 / i  
. 5  
1.0 
1  . 5  
. 2  5  . 5 0  . 7  5  x - i / l  
. 5  
1 . 0  
1 . 5  
Fig. 335.2. Plate IV, concentrated load F =100 kp at the centre. 
Theoretical deflections for outside strip and centre line, together with 
experimental points, l»t0. Confidence intervals 2 L for the means 
are indicated by vertical lines from the projections on the a>axis. 
. 2 5  . 5 0  . 7 5  x 0  / i  
1.0 
2 . 0  
w0  (mm) 
w1  (mm) 
Tig. 335.3. Plate IV, concentrated load ,F=100 kp at centre of a 
free edge, strip 0. Theoretical deflections for strips 0 and 1, together 
with experimental points, l»t0. Confidence intervals 2L for the 
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. 2 5  . 5 0  . 7 5  X 0 / t  
. 5  
1 . 0  
1 . 5  
. 2 5  . 5  0  . 7 5  x . , / 1  
. 5  
1 .0  
1.5 
w 1  (mm)  
Fig. 335. 4. Plato IV, concentrated load F = 100 kp at sc0 = 31/4, 
strip 0. Theoretical deflections for strip 0 and 1, together with 
experimental points, l»t0. Confidence intervals 2 L for the means 
are indicated by vertical lines from the projections on the asaxis. 
34. Discussion of the results 
The agreement between theoretical and experimental values 
is in general good. The observations made upon the model 
plates do not indicate errors in the theoretical results larger 
than those estimated in Part 2. The upper bounds given there 
thus include the influence of the finite widths of the strips. 
The theoretical deflections differed from the corresponding expe­
rimental mean value, for a given case of loading, by less than 
10 % of the maximum deflection. The same was true for the 
strains. In all cases investigated a correction for the width 
of load as proposed in 226 yielded better agreement with the ob­
served data than did uncorrected trr"functions. 
The preliminär series expressions for the curvatures obtained 
according to 232 yield no strains ex at the supports. A correc­
tion introducing curvatures K r  at acute corners would cause 
large disparities between theoretically and experimentally deter­
mined strains. As expected, better agreement was obtained by 
omitting this correction. At obtuse corners large strains were 
observed in the vicinity of the supports. There, the introduction 
of finite curvatures in the theoretical expressions for the stiains 
improved the agreement with experiments. 
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Relatively large deflections have been permitted in the expe­
riments. In the case of plate IV, for instance, the ratio between 
wmax and h attained .75. This value would yield considerable 
strains in the middle plane of a plate simply supported along 
all edges. However, the middle surface of a plate on two flexible 
supports, can assume a conic form yielding large deflections 
without provoking membrane stresses. For general cases of 
loading and rigid supports the strains of the middle surface 
depend upon the difference between the real deflection and 
the deflection corresponding to some adjacent conic surface. 
This difference being small compared to the thickness h, the 
membrane stresses are negligible. 
41.  Summary-
Deflections and moments are approximately determined for 
thin elastic plates resting on parallel supports. The deflections 
are assumed to be small compared with the thickness of the 
plate. 
The method employed involves the use of finite differences. 
A plate is divided into a number of elements, strips 0..r..R. 
Inside strips are assigned the width t, outside strips the width 
t/2. The strips are bounded by equidistant planes parallel to 
the free edges. The deflections, w r, of the centre lines of the 
strips are introduced as unknown functions. The derivatives of 
these functions describe the slopes of the elastic surface in the 
directions parallel to the free edges. Slopes perpendicular to 
the free edges are determined from differences between the 
different deflections u\. 
A system of o rdinary linear differential equations is obtained 
by forming the differential equation of plates, (211.6), for each 
strip. The deflections are expressed as sine series. Substitution 
into the differential equations yields linear equations for the series 
coefficients, wrn. Approximate expressions for these coefficients 
are given in 222. They include load-dependent factors, the 
principal coefficients Wrn, which are the Fourier coefficients 
for the principal deflection Wr. Wr is the deflection of strip r 
considered as a beam of flexural rigidity D, (211.3), and carry­
ing the load qr. The computations are simplified by introducing 
new coefficients srn and arn according to (222.12), (222.23) or 
(52.17). Similarly Wrn is expressed by the principal coefficients 
Srn and Arn. General expressions for srn and arn are obtained 
from (222.14), (222.15), (222.24), (222.25), (52.21), (52.22) and 
diagrams in Appendix 56. 
The approximate coefficients srn and arn are improved by 
adding corrections A Srn and A Arn to the principal coefficients. 
Values of A Srn and A Arn are given in Appendix 57. The cor­
rections are valid for simply supported plates. 
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The series coefficients for the deflections are formed by 
adding or subtracting srn  and arn. Deflections and moments 
are then easily obtained as trigonometric series and polynomials. 
Since these expressions are simple for uniformly distributed 
loads and for line loads of arbitrary position the method may 
conveniently be applied to the design of bridge slabs. 
Errors originating from the use of finite differences are com­
pensated for by using factors represented graphically in 
226. These increments are obtained by considering a plate of 
infinite width. The real distribution of load, t0, perpendicular 
to the free edges is taken into account. 
The slopes of plates subjected to boundary moments can be 
determined by differentiating the deflections. This makes possible 
the treatment of continuous plates and frames. 
Theoretical estimate of errors indicate that the method can 
yield sufficiently accurate results for most practical calculations. 
However, uncertain values are obtained in the vicinity of the 
corners. 
Moments of loads distributed over small areas can not be 
described conveniently by sine series alone. They are expressed 
as the sum of the pincipal deflection and trigonometric series. 
The same method is used for expressing the effect of bo undary 
moments. 
Experimental values were determined for four model plates. 
Both deflections and strains were investigated. One of the mo­
del plates was rectangular. For this plate experimental results 
were compared with teoretical results according to the method 
described in part 2 and a method known previously. The three 
oblique plates were treated theoretically according to the former 
method only. The comparisons showed the expected agreement 
between experimental and theoretical results. Deflections and 
strains calculated for unloaded strips differed from the experi­
mental values by less than 10 % of th e maximum values for each 
arrangement of the load. For loaded strips in general no dis­
crepancies were obtained, that is, the theoretical values were 
situated within the estimated experimental margins of error. 
42. Sammanfattning 
Elastiska plattors ned böjningar satisfierar en partiell differen­
tialekvation av fjärde ordningen, då vissa allmänna villkor är 
uppfyllda. För plattor upplagda på parallella stöd är lösningen 
till denna ekvation ofta mycket komplicerad. Det är möjligt 
att relativt snabbt erhålla enkla uttryck på deformationerna 
genom att tillämpa en approximativ metod. 
Metoden innebär, att en platta indelas i ett antal strimlor 
med ordningstalen 0,..., r,..., Tt och begränsade av plan vinkel-
räta mot plattans medelyta och parallella med de fria kan­
terna. Inre strimlor liar bredden t medan yttre (utefter de fria 
kanterna belägna) strimlor har bredden ^ t .  Strimlornas medel-
U 
linjers nedböjningar, ic r, betraktas som obekanta funktioner. Den 
ovannämnda, partiella differentialekvationen tecknas för varje 
strimla, varvid lutningar vinkelrätt mot strimlornas medellinjer 
approximeras med hjälp av differenser mellan de olika w t.-funk­
tionerna. 
På så sätt erhålles ett antal lineära differentialekvationer av 
fjärde ordningen. I dessa insättes nedböjningarna i form av 
sinusserier med okända koefficienter, wrn. Differentialekvatio­
nerna kan därmed överföras i lineära ekvationssystem, varur 
seriekoefficienterna löses. Uttrycken på wrn  innehåller de "pri­
mära koefficienterna" Wrn utgörande fourierkoefficienterna för 
de "primära nedböjningarna", d. v. s. de nedböjningar strim­
lorna skulle fått under den aktuella belastningen, om de varit 
fria från varandra och pr breddenhet haft böjstyvheten lika 
med "plattstyvheten" J). 
Beräkningar och formler förenklas, om de primära koefficien­
terna på lämpligt sätt uppdelas i två komponenter, Srn och Arn, 
och nedböjningskoefficienterna betraktas som summan av eller 
skillnaden mellan vissa kvantiteter, srn  och arn. Dessa kan 
approximativt uttryckas med enkla formler och, då kontraktions-
talet v = 0, direkt avläsas i diagram. Som oberoende variabler 
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fangerar därvid vinkeln S mellan de fria kanterna och upp lags­
linjernas normal och kvoten mellan spännvidden l och produk­
ten n - t. 
De approximativa värdena på nedböjningarnas seriekoeffi­
cienter förbättras genom att de.primära koefficienterna Srn  och 
Arn  ökas med tillskott A Srn  och A A rn, som beror av srn  och 
a rn  och som är beräknade för fritt upplagda plattor. 
För praktiska beräkningar erforderliga formler och diagram 
återfinnes i Bihang 222, 52, 55, 56, 57. 
Seriekoefficienterna för strimlornas nedböjningar erhåll es som 
summan eller skillnaden mellan srn  och arn. Nedböjningar och 
moment kan därefter tecknas som trigonometriska serier, i vissa 
fall kombinerade med polynom. Dessa uttryck blir enkla så­
väl för jämnt fördelade belastningar som för linjelaster med 
godtycklig placering, varför metoden lämpar sig för beräkning-
av brobaneplattor. 
De fel, som beror på att lutningar vinkelrätt mot de fria 
kanterna ersatts med differenskvoter, uppskattas genom att jäm­
föra den här introducerade metodens resultat för oändligt breda 
plattor med exakta värden för samma plattdimension. Denna 
jämförelse resulterar i diagram, varmed approximativt erhållna 
nedböjningar och moment för en belastad strimla kan korrige­
ras vid en viss lastbredd t0, mätt vinkelrätt mot plattans kanter. 
Kontinuerliga plattor behandlas genom att till den fritt upp­
lagda plattans nedböjningar lägga funktioner, som ger från 0 
skilda böjmoment på vertikala snitt genom upplagslinjerna, 
och som möjliggör ett uppfyllande av lutningarnas kontinuitets-
villkor. 
Moment av såväl punktlaster som randmoment kan ej med till­
räcklig noggrannhet beskrivas med ett fåtal trigonometriska funk­
tioner. Praktiskt användbara värden erhålles emellertid, om serie­
utvecklingen för strimlornas primära nedböjningar dragés från 
den totala nedböjningens serieutveckling och ersätt es med det 
exakta uttrycket på samma primära nedböjning. 
Det är möjligt att finna övre gränser för fel uppkomna ge­
nom att endast ett ändligt antal termer medtages i serierna för 
nedböjningarna. En undersökning av storleken hos dessa fel och 
fel uppkomna genom bruk av differenskvoter visar, att i all­
mänhet tillräckligt noggranna resultat uppnås, om förhållandet 
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l / t  v äljes mellan 2 och 4 och endast cle tre första termerna med­
tages i nedböjningarnas serieutvecklingar. Då 0>45° måste 
emellertid ofta l/t ökas och flera termer medräknas. Momenten 
i närheten av en plattas hörn är svåra att bestämma med mera 
än överslagsmässig noggrannhet. 
Ovan beskrivna metod tillämpades på fyra stålplattor. En av 
dessa plattor var rektangulär, varför de experimentella värdena 
på nedböjningar och töjningar kunde jämföras med teoretiska 
värden beräknade enligt tidigare kända metoder. De tre övriga 
plattorna var sneda med vinkeln 0 varierande mellan 30" och 
60°. Uppmätta värden för olika placering av koncentrerade kraf­
ter jämfördes med värden erhållna ur ekvationerna i del 2. För 
obelastade strimlor iakttagna skillnader understeg samtliga 10 % 
av maximala värdet vid varje lastställning. För belastade strim­
lor låg alla avvikelser inom de uppskattade, experimentella fel­
gränserna. 
5. Appendix 
51. The differential equations for ic0 and iv x  
The differential equation for the deflection v0  of strip 0 is 
derived in 212: 
This equation is valid for plates divided into more than 
two strips. If there are only two strips, ic2  describes deflections 
outside the plate. The function ic2  is determined from the 
boundary condition My  = 0 at y = t, Fig. 212.3. Application 
of (212.8) yields: 
On solving this equation for w 2  and substituting in (212.9) 
the following equation emerges: 
+ (4 — 2 v) t2 ~^~~2 — 4 ni + 2ic2 = q0ti/D (212.9) 
(1) 
<212.12)  
This equation contains only derivatives of even order. It can 
be transferred into the differential equation for u\ by changing 
subscripts. 
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The central deflection ivx  of a plate divided into three strips 
is determined by (212.6) with r = 1: 





+ u ldV""4 '2JV+6 |Wl_  
4 (if0  + w2) + 
gi t4 ,   
D 
(2) 
The deflections and zt;3  emerging in this equation can be 
determined from boundary conditions for My. After changing 




,—2w 0  — w, 
w3 = — wl — \vt2 
d2 
-2 m; 
Inserting these expressions for w_1  and w3  in (2) the equa­
tion for w, is obtained in the form 





^ Y~~, — 4 ^2  -y—2  + 4 a x!4  « 
(w0  + w2) + 
qj4 
w> = "B 
52. The coefficients sm and arn for plates divided 
into three and five strips 
The equations for the series coefficients wrn are derived by 
writing the deflections w r  as trigonometric series 
ic0 = E won sin (n n x0/l) 
it\ = E wln cos n /i sin (n n x0/l) — E wln sin n ju cos (n ji x0/l) (]_) 
to2 = E w2n cos 2 n ft sin (n xx0/l) — E iv-ln sin 2w , u  c o s ( m ; t x0/7) 
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These expressions are inserted in the first equation of the 
system (212. 13). Introduction of the abbreviations defined by 
(222.18), (222.19), (222.20), (222.21) then gives 
\ -, n4 TT* t* I QonP\ • nnx0 
I* 
I 2 i ii h vu 2 ß\n tv\n + 2 yn Win yj J sm j — 
^ Wl4 7I4 tX Vl7ix0 
= — —Ji— (2 Pi TO — 4 ;'TO cos m (a tt;2Hl) tg m // cos ——1 (2) 
If iv0, iv1, iv2 are written as functions of x1, 
wQ = 2 U'on cos n u sin (n n x1 /I) + E w0n sin n /t cos (n n x1 /I) 
to j = E wtn sin (n .T /Z) (3) 
w2 - X Wm cos n /' sin (njrx1/l) — w2}i  si n /t cos (n n x1 /I) . 
and substituted in the second equation of (212.13), another 
equation for the coefficients wrn is obtained: 
V W4J14^4/ Ö , 0 ... fhntl\ nnx 1 
/4 I Pm M on &2?i ̂ lM Plii.din. ^— I Sin  ji ^ ri u'mu • " i n /yu  " 2« j-y 
m4 ti4 *!4 m .t 
^ Pi m («»om — ̂ 2m) tg m fl COS (4) 
A third equation is obtained by interchanging the subscripts 
0 and 2 and altering the sign before the cosine series in (2): 
X^ w4^4^4/O ci o , . ... #2n*4.\ _:J n 71 
^ /ïi ^ o?i 2 W\vi + CL\n Win jj J Sin J ~ 
^,m4jï4^4 mjiXo 
= —ji— (2 ßlm iv]m — 4 ym cos m jli w0m) tg m /u cos —y—1 (o) 
Linear equations for determining the unknown coefficients 
are formed by multiplying (2), (4) and (5) by sin (nnxrJl) 
and integrating between the supports of strip r. After dividing 
by n4Ji4^4/?4, the equations become 
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&in on 2 ß\n IV\n + 2 yn W-in — 
+ -
8 ^ m 4 t g m /t 
(/^I«i ^'l Ml jr — ri6 ( m -  —  n 2) 
m=£n 
• g 71 
2 j'm cos m ju u 2m) sin^ - (m + n), 
/^l?l («OU «'217) ^27! «l?l — 
TT' 4 V ,n4  ^ m f l  — '' l'i 5 ôT/^iw K lvom 71 — J n3 (m4 — ?îJ) ß m («'owi 
vi^=n 
iv2m) sm2 — (m + n), 
' J ;7l « 0?l 2 ßl)i 1V\n + 0̂ 1)2 — 
(ßim Wim ir ® X? 
171 f l  
'  2 '* "TT 2 2\ 71 ns (wr — n'') 
mj^o 
2 }'m cos m /< Wo?«) sin2 — (m + n) 
This system is modified by forming the sum and difference of 
the first and the last equations. Introduction of knowns and 
unknowns expressed by (222.22) and (222.23) yields: 
(ain "t" ^ y 11) $0n " 2/^in Sin ~ ^on "f" 4 $on 
2 ßln $071 &2n $in = &\n ^ (0 
(®in ^ /' n) Aon = -Aon-\-A -^on 
The corrections A Srn* and A Arn* formed by the series on 
the right hand side of (6) are given in (227. 3). 
By solving (6) the coefficients srn and arn may be obtained as 
functions of the principal coefficients and their corrections. If 
the latterare neglected, (222. 24) and (222.25) give the solution. 
Applying the equations derived in 212, the following system 
is obtained for a plate divided into five strips, Fig. 52.1: 
( 1 - * 2 ) ^- 4 ( 1 - ' ' ,^ + 2  
ivn  + 
d 2  
<4-2">' ,3V-4  ff-1 + 2 ?r8  = ^-
(2 — )-) t -
d 2  
d  x jS  
«• 
/  r /4  r/2  \  
0 +(^rf74— 4^Tn+ 5)M '1  +  Ö? 
+  l2 f 2rf^?~4)  "'* + "'s"lf  
+(2  -  4)w '+( '4  T^n -  4  < 2 ,1^+6)w»+  
2 /  \  ( /Xo4  (/Xg2  
».nJL 
d x J  
+ l2 < 2Tri-4)  «s + "'4 =  ̂  
+ ( 2  '*  rfJTi ~4)  «"» + (<4  X71 ~ 4  l '  XTÏ +5)  " '3+ 
f l f  X «  6/ 
<2- ,>< ,sS»-2  "4 z> 
(4-2 j')  < 2  
d2  
:r 4 2  
" 's  + 




" '- i  £  
X 1  
y 
Fig. 52. 1.  
162 
The wr functions are written as sine series. Substitution of 
these expressions in (8) and introduction of the abbreviations 
(222.18), (222.20), (222.21), (224.7) and 
aSB =1+4 Pin2 .T212 + 5 Z4/n4 ^ tl  (9) 
ßm = (2 ^ + 4 Z4/n4 7i414) co s n a (10) 
results in equations 
jl (Xin^ou - ßin W\n 2 /n ̂ 2n ^ ov) ~ 
^ m4ji4 t* „ . w rriTixo 
2 — —  ( 2  ß i m « \ m  —  ± 7 m cos m fXW2m) tg m [I cos——, 
(—ß 111̂ 0)1"  ̂a3w ̂ ln P2n^2n + /n^3n 'MW)Sin ^ 
= ^ (pm "*o»i />2m ^ 2m i 
+ 2 cos m }i it'im) tg /t cos —j—1, 
yjr4 ̂ 4 
^ [/n ("oh + Win) /̂ 2?i (?t"i)i + ̂ 3n) + a»n ^"sji 
TTr , . Yl TL Xi, . , . -, v 
— T72n] sin —Y~^ = — ^ ^— [2 /m cos m /.< («;„,„ — «tW — (1 x) 
^ jjr /£ 
ßimi^lm ^3m)] tg ^ / l  COS ^ , 
•r-i ?l4 JT4 t* , 0 
(̂ n W'ni — ßin. Ir2)i + a3n wsn ßm win 
«i T T Mj4 -74 /4 
— TF8n) sin ' 8 = — X -— (2 ym cos m ;i icUn — ß2m ioim + 
ill 71 0C 
+ ßt mW*m) tg m fl COS j—, 
ni ni . n ti xi 
N — (2 y ii iv2n — 2 ßm w3n + am tt,'4n — H 4n) sin —j— = 
mi nA fl 111 TT x4 = — > —Yi— <4 y™cos m <"Wim ~~2 ̂ im Wsm^tg 7n "cos —r 
1 6 3  
These equations are multiplied by sin ( n j z x r / l ) ,  integrated 
over the spans of strips r, and divided by n4 n4 ti/li. The 
result is 
Won 2 ß in w in + 2 yn n\n = II 0n + 
8 m4 tg m a . n 
+ n n6 (m2 - n2) ̂ lm U' lm ~ 7m C°S m ™2rn) Sm" 2 ^m + n^ <12> 
m=£n 
ßtn Won + %3n Win ßin W- in + yn = Tl tw — 
4 ^ w4 tg m « 
~ n — i  n » ( m 2  —  r i 2 ) { f  l m  W ° m  ~  " 2 m  W 2 m  +  
m=£n 
+ 2 ym cos m ju w3m) sin 2 ^ (m + w) (13) 
7n (w'oh + "'4«) ß'iu (Wtn + lVsn) + <Xin Kj\n — W2n + 
4 ^ m4 tg m a 
~ ^3 /m2 Yi2) *i>m C0S m  ̂ 11 im) ^-Wl (Wim 
m=£n 
— w3m)] sin2 - (m + w) (14) 
7« W'in ^2n /r2)i + w3n /?ln u'4n — TF3,J + 
4 w4 tg m u ^ 
+ — ^ W3 (m2 _ n2\ ^ C0S m f* ~ ß*m + 
m^=n 
+ ßimW*m) sin 2 ^(m + n )  (15) 
2 y n Win 2 ß\n II'in + OC j IV411 = TJ7 4 n + 
8 ̂  m4 tg m a .t 
+ h ns (m2 - n~) '''2 7m °°S m ̂  l°2m ~ l̂m W3"l) S 2 (w+ n) (16) 
The coefficients Wrn are replaced by Srn, 
Srn, Q rn-
Arn, and 10rn by 
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Son ~ 2 4» Won) 
S in " 2 (" 3« 4 l?î) 
S2ii ~~ Win 
aon — i) 0' in W0n) J 
1 / v ' (17) 
®in = 9" 3 H l H)  
^0 n — y (^4ïi + on) 
$in — ô" 0' 3n + W\n) 
&2n ~ ^ 2?! 
Aon ~~ 2 4n ^ °") 
4 1 (W F W (18) -^•în — "2 ( 3n ln' 
Furthermore (12) is added to (16) and (13) to (15). These 
sums, together with (14), form a system of three equations: 
$on 2 ß\n S\n + 2 yn S 211 — S on 4 4 Son* 1 
ßin Son 4 (̂ 3n 4 Yn) $\n ßin S2n = 4 A ^\n (19) 
2 Yn Son 2 ß%xx S\7l + <X\n S^n = S211 + -J $2 n ) 
Subtracting (12) from (16), and (13) from (15), another system 
of equations emerges: 
®in ^on 2 ß\n Cl\n = -4o»! 4 Aon 
(\ ̂  
. 
The corrections A Srn* and A Arn* are defined by (227.6). 
Neglecting the corrections A Srn*, the solution of (19) becomes: 
Son ~~ at {[ a4)i (a3n 4 yn) 2 /?2?i,2] ^0n "I" 2 i&in ßin ^ Yn ßin) $in 4" 
s 
4" [2 ßin ^2n 2 y 11 (&3W + 7n)] ^2n} > 
#i?i = jy7 {(^4n ßin 2 yn ß)2n) &on 4 (%m &411 ^ Yn ) 4 
+{&\nß 2n 2 Ynß m ) $211} i 
S2n = ~Tf~ {[2 ßm ß'in * Yn (^3n 4" Ynj\ n 4" (2 OCi )t ßzn 
^ s 









2 y n 
— ß\n a3n " t" 7n ßi n 




CO 1 3-i n 
If the corrections J rn are neglected the solution of (20) 
becomes: 
where 
«o» — at [(a3/j Yn) -A-on + - ß\n ̂  in] i 
^ a 
n  at [ ß i n  -"on " f "  & \ n  -"-in] 
a 
a — y~\n (a3n /n) ^ ßii 
(22) 
53. Errors due to neglected terms in the series for zl TfAn 
531. Estimation of errors due to neglected terms in 
the series for A Wrn* 
After the introduction of the corrections A Wrn* the principal 
coefficients are no longer independent of the coefficients w rn. 
The equations derived in 224 therefore determine only some 
of the errors arising from the neglect of higher order terms. 
The corrections A Wrn* may be rather large, which means that 
a large number of terms in the series must be chosen. 
In practical cases concentrated loads give the largest errors— 
according to 224. The principal coefficients can then be 
bounded by 
I ] \rn J I | max 
This bound is approximately valid for the corresponding 
coefficients w rn  also: 
I  W r n  I  S  4  J  T F  r m  ! max 
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The expressions in 227 for the corrections zl TT rn* do not 
exceed the sum 
i ßm n  "I" f m n )  |  |  m a x  ^  |  A  TT rn | 
where cos m  /< and sin m  / u ,  included as factors in d m n  and 
fm n ,  are put equal to one. Applying (227. 5), (227. 7), and (1), 
this  inequali ty can be writ ten ( m  =  n ) :  
1 6 P  
M "VI r m  I  m a x  
sin 2-i(m + w) 
n / i + 4 4 ^  2  
m  
m 2 n 2 t 2 }  m 2  [ r n2  —  n 2 )  
(2) 
If only the first N series terms are taken into account, the 
following quantity is neglected: 
16 I2 
j i *  n 3 t *  
1 + 
( N  +  2 ) 2 j i 2 t 2  
A  I  A  W m*  I  <  
I m 4  W r m  I m a x  ;s 
N + 2 
m y ^ n  
' 9 
s in ^  —  ( m  +  n )  
£  
m s  ( m2  —  n 2 )  
(3) 
If n <  N  +  I ,  tlie sum in (3) is bounded above as follows: 
N + 2  
m y  
sin2 — { m  + n )  
u  
m 2  ( m*  —  n 2 )  • U 
N + 1  
d  m  
n v  
N + 2  
G  (N +  l)3 
N + 2  
Substitution of this upper limit in (3) yields: 
3 I2 
812 ( N  + 2)2  + 
7 l 2  t *  
A  I  A  W r n *  \< S j i ,  W 3 1 2  {N+ 1)3 [{N+  2)2 - n2] m
4  W r  x (4) 
These maximum errors differ for different n .  The coeffi­
cients AW r n* are multiplied by the factor n2n2l l2  in the ex-
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pressions (213. 5) for the moments Mx. The maximum errors 
given in (4) are therefore first multiplied by n~ before compa­
rison. If the largest of the increment w2  A \ A Wrn* |  is that 
with n= 1, the first term in the series for the moments in­
cludes the largest error. This is then true a fortiori for the 
first term in the series for the deflections. Multiplication of 
(4) by n2  yields: 
8P 
n2A IA Wr n* I < -
( - v + 2 ) ! + ^ 
3 7i s  t2n{N+iy [(iY+2)2  
\m*W r7  
The second derivative with respect to n of this expression is 
positive for n > 1. Hence maximum values can occur only for 
n= 1 or n = nmax = N+ 1. The absolute maximum is obtained 
for n = 1 : 
3 I2  
8 I2  
A \ A W  
(N + 2)2  + _2  
3jist2  (7Vr+l)4(^+3) 
m4  W r  (5) 
Eq. (5) shows that the errors increase rapidly with rising l / t .  
For K= 2 and the largest l/t appearing in the diagrams in 
Appendix 56, l/t = 4, the maximum error becomes 
A \ A W  r n *  I < .072 j m4  IT rvi I max (6) 
Eq. (5) or (6) can be used in estimating the maximum errors 
at any stage of the determination of ifyn. These equations 
are useful only when the corrections A Wrn* decrease by a 
factor of at least 1/n4. 
In order to investigate the convergence of the correction 
terms AW rn*, an upper bound is derived for the general term. 
According to (2) 
T. co sin2  (m + ri) 
I  i W  * l < -  ̂  1  ™ ' = «» -f m> <m' -  n~) 
m^n 
B is a constant, independent of n. 
For uneven numbers, n> 1, only even numbers m will occur. 
The terms with order numbers m = n — 1 and m - n + I are 
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treated separately. The rest of the sum is approximated by 
two integrals: 
I  A  Wrn I < -
n 
i  r  d m 
+ 
2 / m2  (m 2  — n ) (n — l ) 2 ( 2 n  — 1 )  
i  
1 C d m 




<  n3  
n—2 
n3  2 n2  
1 1 , n—m\ 1 
— + — ln +• 
m  2 n  n  -t- m)  2 n 2  
1 1 , m — ny  
—(- —— 1 n  
m 2 n m + n 
n + 2 
B (C, C2 C3ln n\ C 4  
<  — I  — 7  H  h  
n*\n~ n n 
Where Ci a re constants. A similar result is obtained for even 
n greater than 2, i.e. for odd m. 
The corrections of the principal deflections thus decrease 
more rapidly with n than their coefficients W r n .  The condition 
for the validity of (5) or (6) is therefore satisfied. 
532. Estimation of errors in the supplementary 
coefficients A Wrr?* 
In practice only a finite number of the coefficients sn i  and 
a r n  is included in the series for the deflections. The supple­
mentary coefficients AW rn** t hen become incorrect. An estima­
tion of the errors due to neglected terms in the series should 
be made for the coefficients with the greatest absolute values. 
From (232. 14) and (232. 15) it may be seen that one of the 
following two inequalities must be valid: 
OO 
A J A IV r n  I I w Qnin (1 "I" COS i l l  f l )  W. y m  J max ( ^ 
iV+1 
oo 
A IA MVrn I < 2 J 2, hm n  w r m  |  m a x  
N +1 
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The number N is in practice never less than 2, which 
corresponds to m > 4. Omitting extreme cases for which (9<60 ;, 
and replacing cos m /u and sin m ju by their maximum values, 
the following inequality is obtained from (232. 17). 
The fraction is less than 1 whenever l / t <  7. In 
such a case hmn is smaller than gmn, and (1) will be decisive 
for the magnitude of the maximum error. 
The approximate series coefficients wrn in 228 were assumed 
to be smaller than the maximum principal coefficient. Replacing 
w rm in (1) by this upper bound the following error maximum 
is obtained: 
Nx  is the maximum order number appearing in any of the 
deflection series. It determines the lengths lx  of the loads 
qrj defined by (232. 11). These loads yield principle deflections 
with Fourier series converging more rapidly than those for 
concentrated loads. The latter loads are decisive for the maxi­
mum value of W r m: 
OO 
A J A T! rn  ' J < J f fmn (1 "t" COS Yfl i l)  H' rm  |  max ̂  
I Wrm I £ m4 I M4  ^ m |  max (3) 
Substitution of (3) in (2) yields: 
A\AW rn**\< 
16Ni 2 L 2 f i(  nn\ v^l + cos ma . „ T I  ,  
= _C0S N[ ) '  rn  '  max — ~~Vi* 2~ (w +  w)  <4)  
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The maximum value of the expression on the right hand side 
of this inequality emerges for n = 1 . Replacing the sum in 
(4) by the maximum value of th e (À"+2)th term and an integral, 
1 + cos v i  i t  „71  s  2 [ '  dm 
> ;—- sin ö ('" + ")<, A7, 0^+ —7 = , Ar, .,» + 
m A  2  '  (A7+ 2)3 I  m*  (AM-2)» 2(A>2)S 
N + 3  
the upper bound of A\AW r n **\  is obtained in the form: 
. _,Tr . 321 tg <9 ( 71 \ . . . 1 





The number N in (5) must be even since n is odd. "When the 
highest number appearing in any deflection series is A^ = 3, 
eq. (5) gives, for iV=2: 
A IA \V,.n" I < .038 I n l  Wr n  |  (6) 
This error maximum increases with growing values of 1/1 
and tg 0. 
Eq. (5) is derived for an unfavourable case. All coefficients 
tv r n  of order n have the same numerical value, and signs such 
that the supplements attain their largest possible values. In 
reality, these conditions never occur. Actual errors are as a 
rule considerably smaller than those determined by (5). 
When Poisson's r atio v =j= 0, errors also arise from the use of 
d  7/7 
an incorrect expression for the slope at the corners of the 
plate. The effect of neglecting the last term in (213. 10), as 
was done by writing (231.7), can be estimated in the follow­
ing way. If the term formerly omitted is taken to account when 
I  d^  tu  \  
forming the second derivative I-—— at the support x 0  = 0 of 
\ o  x  oy  J0 
strip 0,  the curvature A K0 0  determined by (231.6) increases by 
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A*K^ = r t l " 6 l d ' n '  
1 4- i ' \  d x3  f 0  
At the other support of the strips an increment 
v t tg (-) I d3 w0) 
^  2 Ko i  =  
1  +  1'  \ dx 3  
is obtained. Substitution of A 2 K 0 0 and A 2 K 0 j  for A K r 0  and 
A Kyi in (232.12) and multiplication by 1 — v2 yields the follow­
ing increments, A 2TFon**, of the supplementary coefficients: 
A 2  IF  
2 j' (1 — v )  1 I 2  X  Nn  
TI3 n 3  
d 3  i v { [  
d XQ3  
& w0 
dx 0 3  h 
COS 11 71  tg & 
A similar expression A 2WRn** is derived for the other outside 
strip, R. The corresponding increments for the coefficients 
A 2Sn** and A 2Arn** become: 
^ 2 ^  
r (1 —v) t l 2 l  Nn 
ri3 1l3 
d 3  w R  \  (d 3 u 0 \  Id 3  i v 0  
d xR  3  ) Q  \d  x 0 3  /„  \d  x 0 3  
d 3  wR  
COS 7171 
d  xK 3  R i  
cos n n  tir & 
A 2  Ar 
V (  1  — v)  t  I*  I  Nn 
TI3 n 3  
d 3 i v R \  ld 3 i v 0 \  Id 3  i v  Q 
+ 
\dx R 3  J  Q \d  x 0 3 / 0  \dx 0 3 ) i  
COS U7T — 
d 3  i vR  
dx R 3  
cos n TI ter e 
The third derivatives appearing here should be computed 
from (223.9), as the simpler series expressions converge too 
slowly. 
The coefficients A 2Son** and A 2AQn** generally have little 
effect on the deflections. The largest effect emerges when S is 
large and loads are applied on an outside strip. 
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54. Principal coefficients due to displacements 
of the supports 
The deflections tvr for a plate divided into three strips may 
be written 
tv o = Z won sin (n n xjl) + w0  
u\ = H wxn sin (ft TI  x1/l) + Wj 
tv2  = H iv2n sin (n ti x2/l) + w2  
On substituting in (212. 13), terms containing the second and 
fourth derivatives of w,. vanish. The influence of the w r  func­
tions upon the first equation of (212. 13) is confined to three 
terms on the left hand side: 
2 w0  — 4 Wj + 2 w2  = 2 <5 j 1 
2 
~T 
1 + 2j^ 
I 
8 ô t tg 6 
I 
Terms dependent on w r  also appear on the left hand side of 
the second equation, 
8 t ô tg S 
w0  + 4 Wj — 2 w2  = 
I 
and of tlie third, 
2 w0  — 4 Wj + 2 w2  = 
8 / Ô tg f) 
~l 
These quantities are transferred to the right hand side of the 
equations and treated as uniformly distributed loads. They 
yield principal coefficients W rn, which can be evaluated by 
applying (55. 2) in Appendix 55. The coefficients Srn and Arn 
become 
. „ ft 71 
S{  
m n 6   
s  32 P tg 6 2 
.- t5  t* ft5  
ft 71 
a  * _  
°l/l — 
32 ô lz  tg 6 
715 t3 
sm' (1) 
Ann = 0 
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(j2 y 
That is, the usual series expression for is supplemented 
(I x (I y 
by an increment 
d2  w 2 Ô 
(I x à y It 
which is constant for all points of the plate. The moment 
Mc expressed by (231. 1) is zero along simple supports. This 
implies that the increments will cause boundary curvatures: 
2(1- v) t g 0 2 
1 + v tg2  (-) I t  
The corresponding principal coefficients TT,,** are obtained 
by applying (232. 12): 
11 71 
i m \ \ 7 i • t-i '-Nn s in2  ~ö~ TIT ** 16(1 '0 ^ l t g ~) _ ß ** 
7TS t ( I + V tg2  H) 
At the supports of strips 0 and 2 the w rfunctions cor­
respond to curvatures, which, according to (231.6), are 
2 to- (-) 2 Ô 
1 + 1 '  It 
with the principal coefficients 
I ain sin2  
n Ti 
„ 16(1 v) 61 tg (-) "N n 2 
" M " l?t n<> ( ) 
Combining the supplements S rn** according to (2) and (3) with 
the corrections given in (1), the resulting principal coefficients 
given in (235. 6) are obtained. 
For a plate divided into five strips the procedure is ana­
logous. Terms dependent on w r  appear in the system (52.8) 
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on substituting the expressions for wr from (223. 7) and (235. 7). 
These terms can be regarded as originating from uniformly 
d i s t r i b u t e d  l o a d s ,  q r ,  
Qo = (h = -
D 
¥ 4 1 
îîsL4(l_?Î!| + 2.0 5 = 
8 D ô tg 6 
Tp 
08 = -77 — 4 1 — 
2x. 
+ 5 1 — 
2x1  —  4 - 0 - 1  
2 x (5 = 
4D<5 t g 0 
<h = 0 
The principal coefficients for these loads are obtained by 
applying (55.2): 
S * = 
,m 71'' D 
.  9n TI .  9 n TI 
4 (hV Sm"~2~ 32 P ô tg 6 Sm T 
IV 710 
= 
Q * _ I * _ J * _ A °211 ~ -d0n ~ -^-1«, - v 
. „ fl 71 c i 71 -
16 Z3  <5 te 6 2 
t f )  t s  
(4) 
The functions w r  correspond to a constant increment to the 
dho 
second derivative 
( ) x  O y '  
<)2  w 
< ) x  à  y  
= å/l t 
The corresponding supplementary coefficients are determined 
as for a plate divided into three strips: 
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i \r *•» or ** 
"on — °OH 
iir *•» o *• 
"til — à\n  
{ #* f * -^•cm — -*m n 
8(1 — v)l ô tg (9 
tl'a t 
1 • 2 Un *Nn S1U ~~T 
n TI 
8 (1 —v) l ô tg G ̂ Nn S ~2~ 
(5) 
jiH (1 + vtg8 6) 
Lastly, the resulting principal coefficients given in (235.8) 
are obtained by adding the coefficients in (4) and (5). 
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1 7 7  
1 2  
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56. Diagram of the approximate coefficients 
Sm Hid Cl rn, V = 0 
561. Division into two strips 
The deflections of strips 0, 1 are, Fig. 212.3, 
w0  = I(sn  — an) sin (n n xjI) \  
wx  = 2 (sn  + an) sin (n n x j l ) J 
where 
with 
Sn — ( Sn  + A Sn) I 
ttn = t'n (An + A A.̂ ) I 
Sn = I + W t n) A,, = i (W ln - W'o„) 
(1) 
The TFrw are obtained from 55, the A Sn  and A An  from 57. Se­
ries convergence is improved by applying (223.9). The factors 
Bn in (1) are given by the curves in Fig. 561.1. The quanti­
ties Cn are found by reading the Bn values for the abscissas 

















-i i : [— 
4.0 
2.5 3.0 
' I I I M 
3.5 5.5 5.0. , 4.5 
Pig. 561.1. Factor Bn  as function of l/nt and nju f or 4. 
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562. Division into three strips 
The deflections of strips 0, 1, 2 are, Fig. 212,4, 
«0 = Z (son — Con) Sin ()l JT X J I) 
u\ = Zs l n  sin (n TTXJI) 
u\2 = l\son + aon) sin {njzxjl) 
where 
with 
So n Boon (' o n + A Son) + B 01» ('S'l n + A S i n) 
S i n = B q\ n ('^o n + A S0n) + B il n (Si n + A S 1 11) 
«on ~ (- on (A o n + A A-on) 
Son -  K (fton + 2̂n) 
S l n  = W1n 
A-on — y (^ 2)i ^ on) 
(1) 
The W rn  are obtained from 55, the A S rn  and A An  from 57. 
Series convergence is improved by applying (223.8) and (223.9). 
The factors B rsn and Con in (1) are given by the curves in 
Figs. 562.1, 2, 3, 4. 
•5 1 .0 1.5 
Fig. 562.1 Factor B00n  as function of l /nt and nu for .6 ^l /nttå 4. 
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.5 1.0 1.5 
Fig. 562.2. Factor B o l n  as function of l / ' t  and n/ i  for .6^ l /n t  ^ 2. 
The factor is negative for values of nju in the second and third 
quadrant. 
.5 1.0 1.5 
Fig. 562.3. Factor B o i n  as function of l /n t  and t l ju  for 2^ l /n t  ̂  i .  
The factor is negative for values of n^i in the second and third 
quadrant. 
?TE 
Fig. 562.4. Factor B U n  as function of l /n t  and nju  for .G l£ l / n t  =  4 .  
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1.0 1.5 
Fig. 562.5. Factor C 0 n  as function of l i n t  and n i x  for .6 = / «<= 4. 
563. Division into five strips 
The deflections of strips 0, 1,2, 3, 4 are, Fig. 52.1, 
w0 = I(s„n — «on) sin (njtxjl) 
a \  = H  ( s i  n — n) sin (n j t x j l )  
n \  = 2 s ï n  sin ( n 7 t x 2 / l )  }  
w 3  =  Z ( s l n  +  al n )  sin (n j c x j l )  
w i  =  1  (Son + «0n )  sin ( n  7 t  x j l )  
where 
$ o n  ~  - ^ oo n  ( S o n  +  A  Sn n )  + _Z?01n { £ > i  n  +  A  ̂ 1») +  n  ($2n  +  A  $2n) 
S  i n  ~  2"-^oi n (5'o )i"t"z J 'S'o n) "I" B  \  \  n ( 8  m + ̂  m) + 2"-̂  21 (^2JI + A  $2n) 
^ 2 « =  B  02 ) 1  ( S o n  +^  S 0 v )  +  B 2 i n ( S l n  +A S i n )  +  B 2 2 n ( ^ 2 n  + d S 2 n )  J  ( 1 )  
flon = Coo?i(^o?; + A  -"Aok) + C 0 1  n  (^m +  ̂  A l n )  
a \ n  —  2  @ o i n  { A o n  +  A  - A on )  +  C l i n  ( ^ m  +  A  Al n )  
with 
^o»i — ~ (^ on "I" ^4») • ^ o  n  —  % y  ( J J  4 i i  W o n )  
^ i n ~ 2  ( ^ 1  n  +  ̂  3 n )  
^ 2  1). = W? ». 
A-\n — 0 0^ 3» n) 
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The Wrn are obtained from 55, the A Srn and A A rn from 57. 
Series convergence is improved by applying (223.8) and (223.9). 
The factors Brsn and Crsn in (1) are given by the curves in 
Figs. 563.1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12. 
•8  
.7 
t j ; i ; : r 
Fig. 563.1. Factor B00n as function of l/nt a nd nju for .6 ^ l/nt ^ 4. 
Fig. 563.2. Factor B0]n as function of l/nt and nju for .6 = l/nt ^ 2. The 
factor is negative for values of n JLI i n the second and third quadrant. 
y 
Fig. 563.3. Factor B0ln as function of l/nt and n/u for 2 ^ l/nt ^ 4. The 
factor is negative for values of n/LI in the second and third quadrant. 
183 
Fig. 563.4. Factor B 0 2 n  as function of l / n t  and VJLI for .8 =  l / n t  t à  4. 
Fig. 563.5. Factor B U n  as function of l / n t  and n f t  for .6^ l / n t  ̂ 4 .  
Fig. 563.6. Factor B 2 1 n  as function of l / n t  and nfx for .6^ l / n t  ^ 2 .  









fixt .3- 3  
. 2 4  
1.5 1 .0  .5 
Fig. 563.7. Factor Bn n  as function of l /nt  and n fi for 2 ^ l/nt ^  
The factor is negative for values of n /i in the second and third 
quadrant. 
'li'iTp'r"" i i" ' ' i j  V i ' '1 '  "f 1/1 —np 
.5 1.0 1.5 
Fig. 563.8. Factor B i2n as function of l /nt  and n/i  for .6 = l /nt  = 
'oon 
Fig. 563.9. Factor C0 0n  as function of l /nt  and n/x for .6 ^ l int  ^  
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2.0 2.5 
1.5 1.0 .5 
Fig. 563.10. Factor C0 l n  as function of l /nt  and na for .6 = Z/W 1.8. 
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Mill i II U.U5SIS 
Nttl 
3± • 3.2 
SJI^ 
^rasTf'r~' r njj 
.5 1.0 1.5 
Fig. 563.11. Factor C 0  l n  as function of l /nt  and nju f or 1.8^l /n t  ̂ 4. 
The factor is negative for values of n /« in the second and third 
quadrant. 
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Mttfe 





T 111 i1 
T| {! i i l l-gJJL 
rU R ITI^- 1-8 
IMj [ 2.0 
2.4 
HP M. 
• 4- 4-° 
• '  '  V • rV ' '  i- np 
Fig. 563.12. Factor CU n  as function of l /nt  and nju for .6 ^ l /nt  ^ 4. 
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57. Formulas for the total increments to the principal 
coefficients for simply supported plates 
The total increments are obtained by adding the quantities 
given in 227 and 232. 
Division into two strips: 
^ $ti ~ \fi mn Q mn (1 ~l~ COS ftl yw)] Clm 
A An = [ Cmll ffmn ( 1 COS TU [å)\ Sm 
Division into three strips: 
A n = (dmn "t" ffmn) "om 
J ifimn ^ h mn) ^om 
^ on = \ifi^mn ffmn) $om "t" ( @mn "I" 9mn COS 171 fi) 5jm] 
Division into five strips: 
A n ~ [ ffmn ^om ifimn 9mn COS tïl ft) CIim\ 
mn mn 
The constants appearing in these series are: 
1. c 
1 6 W Z 2 ( 1 —  v )  I 2  J T  
t> sin mf • sin2 2(m + K) 
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n 






















-g (1 — v) sin m ju 
0 A I2 cos m /i 
-"m».-1 ('(1-,)"— 
_ " 






















t sin m a cos m a 
t4 
Q , 1 V P ^ ' €mn ~~ l 1 ~T 
Jt 
2 m2 n21'2 1 — j> 
t ^ _ i i  i ^ ^ i ^ mn 
•  ' m n ~ \  m * J l *  t 2 )  l  — v  
16 N -  ( 1  —  r )  l 2 1  r a r \  .  2  , 
5. gmn = 2 I 1 — cos — I m ,u s m2 - (m + n) 
where iV is the largest order number appearing in the series 
for the deflections. 
When N = 3 
gia = .0221 -^(l-v) 
<721 = .4706 • 
g23 = .0077 • „ 
^32 -0662 • „ 
, gmn I v + tg2  S sin m ju 6. hmn = —: r—- cos m a H -  -
2 (1 + v tg 2  Q) \ '  1— v m fi 
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58. Experimental errors 
581. Analysis of variance for deflections of Plate I 
In order to estimate the different components of variation a 
variance analysis was carried out. The following model, which 
is a special case of a more general model applicable in cases 
where both random and systematic effects are present (cf. BEN­
NETT and FRA NKLIN, sec. 7. 63), is assumed to hold approximately: 
Zj jk  -  a i  + bj( i )  + Ck + dib + &ijk  > 
where 
Zijk = the observed deflection at the fcth point in the it h test 
with the ^'th orientation of the instrument, 
di = the effect, on each point, of the loading error in the 
ith test, 
bjd) = the effect, on each point, of the error due to the j'th 
orientation in the ith test, 
C)c  = the difference between the "true" deflection at the 7cth 
point, and the average "true" deflection at the four 
points, 
d,-& = the effect on the Mh point of the location error in 
the ith test, 
ßijk = the residual error. 
The bjd) and are assumed to be independent random 
variables with zero means and variances o%, ol and öl re­
spectively. The dih are assumed to be random variables, in­
dependent of a i }  bj ( i )  and e^ and satisfying the relation 
4 
E d i l c  = 0 for each i.  The variance Oa is defined as the average, 
k=i 
4 
over the infinite population of tests, of 2 d^/3. 
k= l  
Since the orientation effect only changes the loading and 
not the location no term for the interaction between orientations 
and points within tests is needed in the model. 
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Average value of mean 
square 




12 360.48 30.04 Og -f 4 a~u 
Between 
points 





9 946.27 105.14 O'g + 4 oh 
Residual 36 144.77 4.02 o\ 
Total 63 3 959.61 
582. Analysis of variance for the strains of Plate I 
The values of Tab. 332.2 are multiplied by 103 before cal­
culating the sums of squares. 







Between points 3 4102 1367 
Between tests 3 466 155 
Residual 9 2034 226 
Total 12 6602 550 
A comparison of the mean square for "Between points" with 
the one for "Residual" indicates that the difference between 
the strains at the different points is statistically significant at 
the significance level .05. 
1 To determine which terms should be included in the last column 
of the analy sis of variance table take out from Table 7. 42 of BENNETT 
and FRANKLIN the 1st, 2nd, 4th, 7th and last rows, delete all terms 
containing the letters k and m and the terms containing o\ji and 
finally change I into k. 
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583. Computation of the confidence limits for the means 
of deflections and strains 
The deflection wm at a point Pm is determined by A tests 
with the load at the point P0. Then the deflection )cm> at a 
point Pmt is determined by N tests with the load at a point 
P0>, Pmi and P0> being situated symmetrically to Pm and P0 
with respect to the centre of the plate. For an accurate model 
plate wm should be equal to wm>. However, irregularities of 
the shape and inhomogeneities cause differences between wm 
and wm>. Observed deflections may be written 
where n denotes the test number in the corresponding series, 
and emn and em>n represent the total errors in the corresponding 
tests. These errors may be interpreted as independent random 
variables with means 0 and a common variance a2. The latter 
may be estimated by 
Zynn ~ " m &mn 
2)n'n — Wm' + 6m'n> 
where 
As an estimate of the average deflection 
the expression 
is chosen. 
The variance of this estimate [(variance of zm) + 
+ (variance A confidence inter-
191 
val for icm with confidence coefficient .95 is now obtained 1  by 
£ 
subtracting and adding the quantity L = — t2n—2,0.05 to the 
y n 
above estimate. 
If zm differs numerically from the hypothetical value by 
more than L, the difference is judged as significant (at the 
5 % level). 
For testing the difference between vm and icm< the corres­
ponding difference zm— is judged as significant (at the 
5 % level) if zm— zm> is numerically larger than 2 L. 
When studying the effect of loads acting at the centre of 
the plate, deflections zmn and zm>n  are observed in the same 
test. In this case the zmn and zm>n  can be written as in the 
previous case. However, the emn and em<n  corresponding to one 
particular test have some variance components in common. 
Hence a somewhat different statistical analysis should be used. 
E a c h  t e s t  y i e l d s  a n  e s t i m a t e  o f  n m :  
Zmn = "2 i^mn ~t" &m'n) = "t" &mn 
where 
&mn — 2 ^m'n) 
The èmn corresponding to a series of N tests may be inter­
preted as N independent random variables all with mean 0 
and a common variance n2. K tests yield the estimate 
i  - i \ i  0 f  77. ~~ JV mn m 
and the estimate 
*2 = ^7^ 2 ̂mn ~ of ***-
1  A confidence interval for an unknown parameter 0, with con­
fidence coefficient 1—p ,  is an interval (G l, 0.2) d etermined from 
observed data according to a rule which in repeated applications 
yields intervals that in 100 ( 1—p) % of all cases will cover the 
parameter 6>. 
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The variance of i  is h2/K. Hence a confidence interval with 
confidence coefficient .95 for ivm is in this case obtained by 
subtracting and adding the quantity 
thetical value by more than L, the difference is judged as 
significant (at the 5 % level). To test the difference between 
wm and wm> the difference dmn = zmn — zm>n is formed for each 
test. The average, dm, of N such differences is judged as 
significant if it is numerically la rger than the quantity 
"n—i ,  0.05 to z. If z differs numerically from the hypo-
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